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ARTICLE INFO ABSTRACT
Keywords: This paper presents a new two-dimensional transient diffusion model adapted to composite do-
Two-dimensional diffusion mains with non-regular internal interfaces. The model employs a finite difference approach based

Numerical model
Interface problem

Ghost fluid method
DUFORT-FRANKEL scheme

on the explicit DUFORT-FRANKEL scheme, coupled with the Ghost Fluid Method, to ensure both
numerical efficiency and accurate interface treatment. Discontinuities in field values and fluxes
across subdomains are captured using mesh-aligned directional approximations, allowing the
computation to remain on a regular Cartesian grid.

The numerical scheme is first validated against an analytical solution, demonstrating second-
order accuracy in both space and time. Additional validation is performed through comparison
with a finite element model under realistic thermal boundary conditions relevant to building
physics.

The model is subsequently applied to the optimization of the interface geometry between two
materials in a building wall, exposed to spatially heterogeneous conditions typical of an urban
canyon environment. Thermal performance is assessed using two distinct cost functions. Although
the average improvements over annual and monthly timescales are moderate, the model identifies
significant instantaneous performance gains at the hourly scale.

1. Introduction

Accurately modeling transient diffusion processes in heterogeneous domains with internal discontinuities is a longstanding chal-
lenge in computational mathematics and physics. Many classical formulations rely on structured, layered configurations where tran-
sitions between regions are treated as piece wise homogeneous by simply changing the physical properties [1], or by matching
diffusivity [2]. Such assumptions are often sufficient for global assessments in domains with regular structure, such as in current
building walls [3] or simplified composite barriers, but tend to oversimplify the interfacial behavior.

However, in many applied contexts, domain configurations become increasingly complex, characterized by embedded interfaces,
spatially localized sources, or irregular internal layouts. A wide range of engineering disciplines have therefore developed advanced
computational models to address the topological and interfacial complexities inherent in such multiphysics systems. In fields such as
fluid and solid mechanics, numerical frameworks have been designed to represent heterogeneous domains with evolving or irregular
internal structures, often involving sharp thermal [4], mechanical [5], chemicals [6], or phase discontinuities [7]. Accurately captur-
ing the physical behavior in these cases often requires resolving strong gradients and jump conditions at irregular interfaces, which
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Nomenclature

Latin letters

a temperature jump [K]

b flux jump [W.m™2]

Bi BIOT number [—]

¢ volumetric heat capacity [J.m3.K™']
C cost function [J]

f source term  [W.m™3]

Fo FOURIER number [-]

h shadow height [m]

h, hygs hyy, hyg, by surface heat transfer coefficient [W.m™2.K™']
Hy, H, vertical limit of the domain [m]

H building facade height [m]

Ly, L, horizontal limit of the domain [m]
L wall length  [m]

N,, N;, Ny, N, number of elements [-]

p interface parameters [—]

q thermal flux [W.m™2]

1, t; time [s]

T temperature [K]

u dimensionless temperature [—]

Vo wind velocity [m.s™']

w net consumed work [J]

x horizontal space coordinate [m]

y vertical space coordinate [m]

Greek letters

y interface function [—]

Iy, I, I';, T, I;  spatial boundary [-]

AC relative improvement compared to the reference [—]
At time step [s]

Ax, Ay space mesh [m]

AX, AY urban canyon size [m]

£, € error [K]

9,6 mesh ratio at the interface [—]

A heat conductivity [W.m~' K]

z scheme model coefficients [—]

Q, interface parameters domain [—]

Q, time domain [-]

QQ, Q space domain [—]

Subscripts and superscript

dr direct flux component

df diffuse flux component

rf reflective flux component

00, j boundary of the face j

* dimensionless value or optimized parameters

in turn demands body-fitted meshes aligned with internal boundaries. While effective, such strategies significantly increase meshing
complexity and computational cost, particularly for time-dependent problems where interface positions may evolve.

To overcome these limitations, recent advances have introduced topological optimization frameworks that explicitly account for
the spatial configuration of internal regions under heterogeneous boundary excitations [8-10]. These formulations typically aim to
enhance global system performance, but many still rely on interpolated or homogenized representations across region boundaries,
which can obscure sharp interfacial dynamics and localized phenomena [11].

To better resolve these effects, numerical methods capable of handling discontinuous domains with non-body-fitted meshes have
been developed. The Ghost Fluid Method (GFM) [12,13] and the extended finite element method (XFEM) [14] are particularly notable
in this context. These approaches capture jumps in fields and fluxes across internal interfaces while maintaining computational
robustness on regular grids, making them suitable for problems involving irregular or evolving domain geometries.
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Fig. 1. Illustration of the mathematical model.

Alongside these advances in interface modeling, the development of efficient time integration schemes remains critical to overcome
many numerical difficulties and for enabling more realistic two-dimensional simulations [15-17]. These include the Method of Hori-
zontal Lines MOHL [1], adaptive spatio-temporal meshing methods [18], and explicit finite difference schemes such as the DUFORT-
FRANKEL method offer a compelling compromise between stability and computational cost. Originally developed for parabolic prob-
lems, this scheme avoids restrictive time step limitations associated with classical explicit methods, enabling stable and fast simula-
tions without resorting to implicit solvers. Its combination with mesh-agnostic interface methods like GFM opens new perspectives
for accurate and efficient simulation of complex transient diffusion problems in composite geometries.

This paper aims to introduce a novel and computationally efficient numerical model for transient diffusion in composite domains
with discontinuous interface conditions between subdomains. The proposed approach is based on a finite difference formulation that
combines the DUFORT-FRANKEL scheme with the GFM, allowing for accurate resolution of discontinuities across internal boundaries
while retaining a regular Cartesian grid. It enables the simulation of diffusive processes in multi-material domains with shaped
interface, ensuring both field and flux continuity across interfaces with jump conditions. The formulation also accommodates complex
boundary conditions, including radiative and convective effects, while maintaining a very low computational cost. The mathematical
formulation of the problem is presented in Section 2, followed by a detailed description of the numerical model in Section 3. The
model is then validated in Section 4 in several stages, including a benchmark comparison with an analytical solution, where its
performance is assessed against established models from the literature, and a comparison with a finite element code. Finally, the
remainder of the work is devoted to applying the proposed method to a case of energy improvement of the topology of building
walls.

2. Mathematical model

The physical model considers a two-dimensional transient heat conduction problem. It is studied in coordinate space x = (x, y) in
a domain Q of height H, — H,, [m] and width L, — L, [m], delimited by the boundaries I' = U?ZI r;, illustrated in Fig. 1, and in time
domain Q, = [0, #].

2.1. Governing equations

The main domain Q is a composite domain comprising two distinct sub-domains Q, and Q,, separated by a non-planar interface
I

i

Ni(p)={xeR’|y(x.p)=0.x€Q peQ,}

with y(x, p) an implicit function governed by N, parameters: p = (pl, s PNp) €Q,.

Each sub-domain has different, space-dependent thermal properties, 4 [W.m~'.K~"] the thermal conductivity, ¢ [J.m~3.K™"] the
heat capacity by volume, and f [W.m™3] the volumetric heat source term. If we assume 4,, ¢; and f, the properties in Q; and ,, c,
and f, the properties in Q,, then the properties in Q are defined by a HEAVISIDE function H.

M) =4 (1-H[yxp])+4L& H[rxp]. VxeQ

) =¢x) - (1-H[rx.p])+ex  -H[yx.p]|. VxeQ
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f@ =1 - (1-H[yxp])+ L& -H[rxp] VxeQ
Then, the governing heat transfer equation is:
d JaT d oT JoT
L (S )+ 2 (aw S HN=cx) L, vxeQ 1
(400 55 +ay<(X)ay>+f(x )= S Vx )
At the initial time, the domain is assumed to be in a state that satisfies the boundary conditions. This compatibility ensures a
physically consistent starting point for the transient simulation.
T=Tyx), Vxe€Q t=0
2.2. Boundary conditions
The boundary conditions of the domain Q are time and space dependent. Two types of conditions will be considered. On the one
hand, DIRICHLET type conditions where at the boundary I';:
T=T,,(x1, Vxel, Vje{l,...4 2

On the other hand, ROBIN type conditions, in order to ensure equality between the diffusive flux in the domain and the combination
of convective and radiative fluxes outside the domain.

A(x)ﬂ =hy ;X0 (T ; XD =T) + 4y ; (X0, vxel;,, Vje({l,...4} (3)
on; . : .

with n; being the unit outward normal of the considered boundary I';. T, ; [K] is the external temperature, A, ; [W.m~2.K~"] is the
convective surface coefficient and ¢, j [W.m~2] is the incident short-wave radiation flux. These values are dependent on time and
space.

At the interface between two materials, the temperatures of each material and the conductive heat flux is continuous depending
on a jump conditions:

T

- ‘ =a(x,f), VxeT, (4a)
X+e€ X—€

A(X) £ =b(x,1), VxeT; (4b)
ont

oT
—Ax) Z—
, (%) e

X+e€

X—€
with e tending to a zero vector, so that x + € denoting the interface on the side of subdomain ©,, and x — € on the side of Q,, and thus

n* and n~ the normals at the interface from one sub-domain to the other so that n* = —n~. The temperature jump ar, and the flux
jump b, are time and space dependant.

2.3. Dimensionless formulation

In order to facilitate efficient numerical computations and improve the generality of the numerical solver, a dimensionless formu-
lation of the problem is introduced. The temperature field is non-dimensionalized using the following transformation:
. T- Tref
U= —-

oT

where T, and 8T are characteristic temperatures. This change of variable is also applied to the initial temperature condition T;, and
to the external boundary temperature T,,. The spatial and temporal coordinates are rescaled as:

)]

. ! * . _ X * . y

= —, x* = s yooi= .
I L -L, H, - H,

This choice allows the computational domain to be mapped onto the unit square Q* = [0, 1] X [0, 1]. Then, the material properties,
the heat source term, and the jump values are similarly rescaled:

, f* =L a* :=a- 6T, p* o= 20T

fo’ RN
with 4, ¢y and f, being reference values for the thermal conductivity, the volumetric heat capacity, and the heat source, and Ay,
the following expression:

Ay = \/(|n+~e§| (L, —LO))2 + (In’r -el'| - (H, —Ho))2

Several dimensionless numbers emerge naturally from this formulation and characterize the heat transfer phenomena:
The FOURIER numbers, which describe the diffusion of heat in each spatial direction:

Ao - t¢ . Ao - 1t

Fo, i\ = ————, FOy =
¢o - (Ly = Ly)? ¢ - (Hy = Hy)?

K -
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The BIOT numbers, which quantify the intensity of convective heat exchange at the domain boundaries:
he ;- (L —Lgy) hy ;- (H; — Hy)
Bi == 1 U vje(13), Bi=—L 1 ¥
}«0 j'0
A source intensity number S, which we introduce. This term quantifies the relative influence of the volumetric heat source on the
thermal capacity of the material:

Vje{2.4}

L Jote
"¢y 6T

The external radiative fluxes is also rescaled as:

qooj'(Ll_L(J) qooj'(Hl_HO)
o= ————— Vje{l,3)}, o= —l——— Vje{(24
s, 79T Jje{l,3} oo, 39T je(2.4)

Finally, the dimensionless diffusion Eq. (1) can be written as:

7] ou 7] du du
F _< *_) Fo. - — [ A* = = —
0y Fy A Fyo + Foy ay A y +S-f c e (6)

with the initial condition u = u;, and the boundary conditions from Egs. (2) and (3):

DIRICHLET : u=ug ; Vx*el“;, vje{l,..,4) (7a)

0, )

ou

ROBIN : A*ml—*+Bij~u:Bij~uw’j+q;yj, vx*ery, Vje{l...4) (7b)
J
and finally at the interface:
_ =a*
X*4e* “ x* —e* a (8a)
* (o . Jdu gk eky . Jdu ok
BN~ e ~ A E) = o = (8b)

3. Numerical method

To solve the transient diffusion problem described above, a finite difference method is employed for its simplicity and low com-
putational cost in the context of global regular domains. In the following, for the sake of clarity, we will omit the * symbols that are
specific to dimensionless formulation. The Eq. (6) can then be generalized and simplified as follows:

d x Ou a du ou
where A* :=Fo, - 4, AV := Fo, - 4, andF :=S- f.

Thus, a uniform discretisation in time and space is considered, with steps At for time, Ax for x space and Ay for y space. The
discrete values u(x, t) are written as u;?,. = u(x;, ;1) withi={1,... SN j=A{1.. N} and n={1,...,N,}.

For numerical integration, the DUFORT-FRANKEL scheme is used to build an efficient numerical model. In addition, it allows the
problem to be expressed explicitly, so that no costly matrix inversion is required, as is the case with implicit approaches. Furthermore,
as shown in [17], the scheme has an extended stability region, i.e. a relaxed Courant-Friedrichs-Lewy (CFL) restriction [19]. The
purpose is to extend the application of this scheme and its properties to interface problems involving discontinuities in both field and
flux.

3.1. Governing scheme

First, we write the numerical scheme in its simplest form. That is, as it is expressed within a subdomain. Thus, Eq. (9) is written
in a discretized form with central finite differences in space and according to a forward EULER scheme in time:

no _n no_n
1 [ax ] Wi — U e Uj = U y;
Ax | j+5i Ax j=5i Ax

u = u u" —u" Wy
+ LAy Y [PELLACTES y Y (el T [ R e e
Ay | jits Ay Ji=3 Ay st At

where the coefficients A¥ and A?, characterizing diffusion along the x and y directions respectively, are evaluated between adjacent
nodes of the mesh. For example:
Ax Ay
ST O ) Ay("f’ i 7)‘
2

Jt5i

(10)
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Then, to obtain the DUFORT-FRANKEL scheme, it suffices to replace each occurrence of ”;"i with 1/2- (u;,‘;'] + u;.'l.‘l ), and F;,’I. with

1/2- (F’.’.’rl +F! ) After simplification, this leads to the following expression:
Ji Ji

n+l _ Lo i L
Wi =Xy uj—1i+zj+%i Ui T Eji—% Ujiz1
2 1D
.y et l n+1 n—1
LR TN (o + o)
where the coefficients are given by:
2k, 1. 2k 1, 2k, 1
J=31 j+§l Ji=3
z o= s 1. i= s IR )
J=at 1+K JHai 1+K Ji=3 1+K
. ~ 2kji+1 1-K
Jits 1+K’ T+
Ar-AY Ar-A* Ar-N
J—5i j+§i Jji—5
Mot = A AT aE o el T g
2 X7 - ¢ 2 X ey 2 V7 ¢
AN
k1= T Kk ki k1 +k
ity T N ’ T T i T i T i ke

and the source terms coefficients by:

Fn+1 Fn—l
S L e L—
T e (1K) T e (14 K)

Finally, Eq. (11) can be recast in a compact form by introducing the vector
u' = [u’l’ Ve ,uﬁ, ,u’]'\,]T representing the discrete solution at time step n, where the global index is given by k = j + N yr =1, and
N = N, - N, is the total number of spatial nodes. This leads to the following system:

En-%—l — un—l +9n (12)

I

.E"+E.

We note that matrix A is a sparse band matrix with non-zero entries on the first sub- and super-diagonals, as well as on the diagonals
offset by + N, while the main diagonal remains zero. Similarly, matrix B is a diagonal matrix, with non-zero entries only along

its main diagonal. In addition, the source terms at time steps n + 1 and n—1 are combined into a single expression ®" to improve
readability.

3.2. Interface handling between subdomains

The numerical integration at nodes located near the interface I'; is based on the Ghost Fluid Method (GFM), described in detail in
[13]. In the present approach, the interface Eq. (8) are approximated by assuming that the normal vector to the interface n is aligned
with the mesh axis it intersects, namely the x- or y-direction. This assumption simplifies the numerical computations by restricting
the flux evaluation to directions aligned with the mesh axes.

To illustrate the modification of Eq. (11) at the interface between two materials, we consider the configuration depicted in Fig. 2.
In this case, the interface T'; crosses between the nodes x;; - x;.;; and x;; - x;;,,. The interface conditions given in Eq. (8) are first
approximated separately along the x- and y-directions, involving ghost nodes located on either side of the interface: u;_ and u;, along
the x-axis, and u;_ and u,, along the y-axis. Along the x-axis the discretization of Eq. (8) leads to:

u' o= u u" —u"
j+li Jt j— Jji
o= A gax A Tgar U as)
and along the y-axis:
u' o —u u' —u"
Ji+l i+ i— Ji
ul, —ul_ =al, Ajivt - 1—9)2y — A 55y =B 14)
with:
a; ::a(x,-+6‘Ax, Vs t"), a’f‘ ::a(x,-, y;+6Ay, t”),

B i=b(x;+08x, y;, 1"), b i=b(x;, v, +6Ay, ).

Here ¢ and 6 are respectively the ratio of the distance along the x-axis and the y-axis between the x;; node and the interface. The
expressions of # and § depends on the interface parametric function. For example, if y represents the distance along x from the

interface, then ¢ will take the following form: 6 = |y;;| / (17,11 + lr;;|) and 6 = |yj’il |/ (lyj’iill + |yj’,.l |).

6
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+ O

Fig. 2. Illustration of the simplified Ghost Fluid Method.

Subsequently, at node x;;, the previously discretized Eq. (10) is adapted to the presence of the interface by introducing the ghost
nodes.

n n n n
1 Ui = Uji = Uiy
Ax [A;"( oax ) Nn Ax
’ (15)
1 [y (W v i =y Wit~
T P g Ly PN R L | T Ay e —
Ay |/ 6 Ay Ji=3 Ay J At

Then, by isolating the derivatives with ghost terms using the previously derived expressions (13) and (14), it gives:

wi_ = uj, &.u;’ﬂi_a?_”;’i%_&'b?(l—e)
0Ax Ay Ax A A
i~ U &.M;’Hl_a? ”;"i+&.b;?(1_5)
6Ay Aji Ay Aji Ajirl
s AjiAjai ~ AjieAjigy o . . - . .
with: 1, = T 07, (0" Ay = T ot 0" and substituting them into Eq. (15), to which the DUFORT-FRANKEL scheme is applied,

one obtains an expression similar in form to Eq. (11). This new expression includes additional and modified terms arising from the
jump conditions:

1 _ »
i _Ej’%".u;l‘“ * Z”%" Wi ¥ 2/‘!’*% Wiyt 2jz‘Jr% iy + Zg g
1 _ 1/~ — 1 - _
+ 5(@?] +<D;l" I) + E (a;“"] +a;l 1) + E (ai,H—1 +a[_n ]) (16)
L (g1 4 Fn-1 L (7n41 n—1
+§(bj + B! >+§(bi +7 )
with:
~ ~ 1-0)Ax
aj:—Z__*_ii.aj7 bj:_z'.;.l,-'%bj’
2 T2 Ajli
~ ~ 1-6)A
a,.:—Z_Hl.a“ b[___z_wl.ﬂbh
M /*2 Ajix1

where coefficients . ; ,%. 1 ,X. 1,X.  ; and X;;, defined in Eq. (11), are modified due to:
Jj=3i Jt3i Ji=3 Jits J

>

~ At- A
k AN A jit3
= — =,
o AxZec; Ay

~
<

ij—% =

~

Ay2~cji
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The modified terms vary depending on the node under consideration. For instance, in the configuration shown in Fig. 2, if node x;,,;
is taken as the current node, only the interface aligned with the x-axis is considered. Consequently, Eq. (15) is modified as follows:

1 AX u;l+li_u;li A Wi —uy
Ax | Ui Ax -3\ (1 -6)Ax

ult —u" Ty un+l —u" (17)
+L A ji+l Jji A Jji ji—1 FF = ji ji
Ay |7t Ay ji-1 Ay N
which, after simplification, becomes:
n+l _ .y oh L .y L1
Yi = 2/—%:‘ i T Zj+%i Ui T Zji—% Ui F Zji+% Wi T Zji-
(ol 1 o L (zne AP TS | (18)
1 n— n ~n— n h—
+§<(Dﬁ + @ )+§(aj +a; >+§(bj +b; )
with:
~ At-AYL 7
aG=%_ 1,4,  by=-% .- Lo i k=
J=3 =2t Ay 73 Ax ¢y Aji
It can be observed that the jump coefficients in the y-direction are absent, since no interface intersects the node pairs X, ;; - X441,
and X;,; - X;41;—; shown in Fig. 2.
Accordingly, the modified compact formulation Eq. (12) can be written as:
n+1 =A.En+§.gn—l +9n+§n +~h" (19)

Note that the structure of the matrix filling for A and B remains unchanged, since the same nodal values of u are involved. Furthermore,

the jump terms at time steps n + 1 and n — 1 have been grouped into two vectors a" anle_)n for clarity.
3.3. Treatment of boundary conditions

Without loss of generality, only the case of ROBIN conditions for a face and a corner of the main domain will be presented.
Consider the I'; surface where x = L. Eq. (7b), discretized to second order and at time step » + 1, is written as follow:

o <_§ W pett _ L unfrl) Bi"*! . (un_+1 ! ) g

Ax 2 1i 2i 2 3i 1i,1 1i ooi, 1 ooi, 1
Then the terms u’+! and u"t! are replaced using their expression in Eq. (11):
2i 3i

n+1 n n n n i 1
uy =2a (Z%i uli"'z%i u3i+22i—% u2i—1+22i+% Uniyy T Zoi Uy )

a n n n n n—1 20
t3 (231- B R T R R TR TR TR (20)
i1 o1 Lt | Lt ! 1
+a; (@21 + @5 4<1>3, 4‘1)31 >+bl 1o dg
with #;, 4, and v, denoting the following coefficients, hereafter written without subscripts, but varying in both time and space:
i . n+l il 3 A],
mo= My .=B11i’1~v1, Vi Bl:l 3 Ax

To treat the corners, we consider the specific case of the lower-left corner at x = L, and y = H,. We begin by formulating the
boundary conditions as if dealing with a surface perpendicular to the x-axis.

n+l

m
™ n+l + 2L n+l - n+ +V1 .qn+_l 21)

2 ooi, 1

The same approach is then applied to u”+1 and ug’l“, located on I'; perpendicular to the y-axis:

=2 -u

n
n+1_2’,’2 un+1+_1. n+l+M2 ut ! +V2 q

2 ool 2
1 _ +1 M +1 +1
uy " =2m - ulyt + 5 ¥ Uy oy U V) qw )

Thus, +! is obtained by expressing explicitly «4' and uZ}' as in Eq. (20), and substituting them into Eq. (21).
Flnally, as previously, the boundary condmons can be written in a compact form that groups together all the boundary conditions
treated in a similar way to the face and corner detailed above. A,"*! and B,"*! are sparse matrices with a partially banded structure:

for the faces, A,"*! has 8 bands and By"*! has 2; for the corners, A, has 12 bands and B,""! has 4.

En+| =Abn+1 " +an+1 .En—l +(Ii+ (£n+l)T 'lloo"+1 + (2n+1)T.q°°n+| (22)
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Table 1
Thermal properties of the material composing the domain.

Domain  Material Thermal conductivity ~ Volumetric heat capacity

[W.m~'.K™'] [MJ.m=3.K™"]
Q, concrete 2 1.94
Q, insulation  0.04 0.026
Table 2
Surface convective coefficient values.
h h h h
C icients 10 11 20 21
oefficients |\ m2k1] W2k [Wm2KT]  [Wan2K-']
Values 5.82 3.96 0.1 3

3.4. Global formulation

To conclude, the numerical model over the entire domain Q is constructed by combining Egs. (19) and (22):

En+l — <A+Abn+l> .En + <E+an+l> ,En—l +2n +(I>bn
= = = = — (23)
+§n +E" + (gnJrl)T . uoon+l + (Q"+1)T . qmn+l

The sparse matrix structure is carefully designed to ensure computational efficiency. In particular, the time-independent matrices
A and B are assembled once at the beginning of the simulation. In contrast, the sparse matrices A;, and By, which encode the boundary

conditions, as well as all time-dependent sparse vectors, are initialized at the start and subsquntly lﬁdated at each time step.
4. Verification of the model

To validate the implementation and assess the theoretical properties of the model, numerical results are compared both to an
analytical solution and to those obtained with a final element solver. This dual comparison enables the evaluation of all key features
of the model. The analytical solution [20] corresponds to a configuration with DIRICHLET boundary conditions, interface jump
conditions, and a non-zero source term, all varying in both time and space. The final element solver, on the other hand, is applied
to a scenario representative of realistic applications, with time and space dependent ROBIN boundary conditions, but no jumps and
source terms. The finite element results are obtained using the Partial Differential Equation Toolbox of Matlab [21].

The accuracy of the model is assessed by computing both the L? and L® norms of the error. For the comparison with the analytical
solution, the error is directly evaluated on the finite difference model grid. In contrast, for the comparison with the finite element
solver, the results are first interpolated onto the finite difference grid using the interpolateSolution function [22], before computing
the errors. The L? error is defined as

1/2

1 n n 2

2= v 2 (et ") = utyo 31" (24)
J.lLn

where N is the total number of spatio-temporal points. A variant of this norm, denoted ¢,, is also employed, particularly to visualize

the spatial distribution of the errors:

1/2
6(x) = <NL Z(”ref(xa ") = u(x, t")>2>
t n

The L™ error is computed as:

£oo =rjnaX uref(xj,y,»,t")—u(xj,yi,t”)| (25)

in
Here, u,¢ denote the reference solution, evaluated at each node and time step.

For all validation cases, the dimensionless quantities defined in Section 2.3 are computed using the physical thermal properties
listed in the Table 1 and the convective coefficients Table 2 detailed in Section 4.2.

4.1. Analytical validation

The analytical reference solution, presented in detail in [20], is defined over the spatial domain Q = [-1,1] x [—1, 1] and the
temporal domain Q, = [0, 1]. The interface I'; is represented by the following equation:

y(x,p) = 0.5+ py - sin (p; - arctan(y, x)) — Vx2 + )2, vxerl;
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Fig. 3. Solution (a) and L? error fields (b) for case p = (0.05,4).

The analytical solution is given by:
u(x,t) =cos(2 x) sin(2 y) cos(t), Vx € Q
u(x,t) =sin(2 x) cos(2 y) cos(t), Vx e,

From this, the jump conditions across the interface are obtained analytically as:
[ulp = cos(t) (005(2 x) sin(2 y) — sin(2 x) cos(2 y))

[,1 g—” ] = 2cos(r) (sin(2 x) sin(2 y) - [A_ sin(arctan(y, x)) — 4, cos(arctan(y, x))]
nar + cos(2 x) cos(2y) - [A+ sin(arctan(y, x)) — A_ cos(arctan(y, x))]

Substituting the analytical solution into the dimensionless formulation Eq. (6) yields the corresponding source term:
fx.0) = (4 AX) - (Foy + Foy ) cos(t) = ¢(x) sin(t)) cosx) sin2y),  VxeQ,
f(x, 1) = (4 AX) - (FoX + Foy) cos(t) — ¢(x) sin(t)) sin(2 x) cos(2 y), Vx e,

The initial and boundary conditions are directly derived from the analytical solution, evaluated at the spatial and temporal boundaries
of the domain. The dimensionless coefficients are computed based on the physical thermal properties provided in Table 1.

First, the interface is constructed by selecting the values p = (p,, p;) = (0.05,4) resulting in a regular squircle shape, as shown
in Fig. 3(a), where the field distribution at the initial time is displayed. Fig. 3(b) presents the resulting error field for a mesh with
N, = N, =100 nodes and a time step Az = 1073. It is observed that the maximum errors are concentrated near the interface and
spread into the subdomain surrounding the squircle. This is because the strongest model approximations occur at the interface, where
discontinuities and steep gradients are present as shown in Fig. 4. Indeed, the horizontal and vertical flux computed in the horizontal
cross-section for Fig. 4(a) and (c), and the vertical cross-section for Fig. 4(b) and (d), neglect the normal vector at the interface. It may
induce numerical artifacts analogous to the overheating phenomenon described in multimaterial flows [23]. Within the GFM, such
omission can generate local entropy errors, producing flux overshoots or undershoots near interfaces despite accurate predictions of
the primary field variables, i.e. the temperature in our case. The use of the interface nodes defined by the GFM to approximate the
interface heat flux may lead to numerical artifacts. This behavior is conceptually rooted in earlier works [24,25], who showed that
overheating arises when interfacial fluxes are applied without properly constraining the remaining degrees of freedom, leading to
local overshoots in thermodynamic variables.

The errors Fig. 3(a) then propagate further into the subdomain characterized by the highest FOURIER values governing the diffusion
process. Within each subdomain, the error is correlated with the magnitudes of the field values and fluxes, as illustrated in Figs. 3(a)
and 4.

In a second step, we investigate the impact of the spatial steps on the model. To this end, the time step is fixed at At = 10~%, and
the number of nodes N, and N, are varied simultaneously between 8 and 500. The results obtained in Fig. 5, denoted DF for the
DUFORT-FRANKEL scheme, are compared with those presented in [20] and extracted using a curve digitizing tool, where IM refers to
an implicit EULER scheme with GFM integration, and ADI refers to the Alternating Direction Implicit method combined with the GFM.
Focusing on the DF method, it can be observed that the model exhibits first-order accuracy for spatial steps between 10~2 and 3 - 102
and second-order accuracy beyond this range. Since the DUFORT-FRANKEL scheme is theoretically second-order accurate in space
[17], this suggests that the integration of the interface equations preserves, at least partially, the theoretical properties of the scheme.
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Fig. 4. Horizontal flux q - e, and vertical flux q - e, along two cross-sections (a-c) and dummyTXdummy- (b-d).

When comparing DF with the IM and ADI methods, it is observed that the L? norm exhibits very similar trends and magnitudes across
the three approaches, whereas the L norm is slightly larger for DF. Given that ¢ is primarily influenced by errors at the interface,
this discrepancy may be attributed to differences in the dimensionless coefficients, whose values are not specified in [20].

Lastly, the influence of the time discretization is also investigated by varying the time step A from 10~ to 1 Fig. 6. This study
is conducted for an interface defined by p = (0.25,4), resulting in a two-headed curvature shape, and for the purpose of comparison
with the results reported in [20]. Several theoretical results are confirmed through this analysis. First, the DF scheme is shown to
be unconditionally stable, as expected. Moreover, the scheme initially exhibits second-order accuracy in time, before transitioning to
first-order accuracy around Ar = 10!, when the accuracy condition is no longer satisfied [17]. Ultimately, the results can be compared
with those obtained using the ADI method extracted from [20]. It can be observed that the error magnitudes are quite comparable,
highlighting the effectiveness of the proposed DF scheme compared to an implicit method.

Finally, the numerical efficiency of the model was recorded for the following parameters: N, = N, = 100 and A = 10~*. An average
time of 6.6 seconds was obtained over multiple runs, which can be compared to the 201 seconds reported in [20] for the IM method
using the same set of parameters. This highlights the efficiency of the proposed model. However, it should be noted that the software
configuration used in [20] is not specified, whereas the computations of the developed model were performed on a system equipped
with a Intel® Core™ i7-14700F CPU clocked at 5.3 GHz. The computational environment is based on the Fortran language, using
the Intel® oneAPI HPC Toolkit [26] (version 2025.0), which enables parallelization of matrix computations.

4.2. Comparison with FEM

The second validation is conducted on a case similar to the realistic configuration studied in the final Section 5. It corresponds to
the physical domain depicted in Fig. 9, where the interface is defined by a third-order polynomial function:

y(x,p):x—[d1+p0%(%—pl)(%—l)], Vxer; (26)

11
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Fig. 6. Variation of the numerical models errors arccording to the time discretisation.

with H = H; — H,,, and d, the upper and lower anchoring points set at 0.2 m. Here, the parameters of the function are set to p =
(po, p1) = (1,0.5). At the interface, temperature equality and continuity of the conductive flux are imposed, corresponding to zero
jump conditions. Additionally, there are no source terms, and ROBIN boundary conditions are applied on I') and I';, and NEUMANN
boundary conditions on I', and T,.

For boundary I'}, a time sinusoidal variation of temperature and heat flux are applied:

Ty, 1) =Ty cos(w, - 1) + Ty,

9o, 1V, 1) = q19 (1 + tanh (q“ . (y— %))) . |sin(2a), “t+y)|.

with w, the angular frequency corresponding to a period of one day, y a time shift corresponding to 6 h, and the values T}, =5 K,
Ty, = 10 °C, qyo = 100 W.m™2.K~" and ¢, = 10. It is worth noting that the heat flux also exhibits a spatial variation, modeled by a
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hyperbolic tangent profile, such that the flux is almost only present on the upper half of I';. The convection coefficient, meanwhile,
depends on the wind velocity v, [m.s~'], as detailed in [27] and used in [17]:

Vo (1) = cos(w, - 1) + vy,

p

v y
hy (W) =hyp+h i(—)
0, 1 10 11 0o Y

! is the mean wind

with h,y and hy; [W.m~2.K~'] surface coefficients, whose values are provided in Table 2. Then, v,y = 1.5 m.s~
velocity, f = 0.32 the velocity variation coefficient, and v, = 1 m.s™', y, = 65.33 m are reference quantities.
For the boundary I';, the temperature is held constant at T, ; = 15 °C, no heat flux is applied, and the convection coefficient is

defined as in [28], with a spatially varying profile:
- _ sin (22
e 3001 = g + (g = hag) - sin (52,

where h,, and h,, [W.m~2.K~'] are surface coefficients, with their values provided in Table 2.

Finally, the initial temperature is set to T, = 15 °C throughout the entire domain Q, and the simulation is run from #;, =0 s to
t; = 86,400 s, corresponding to a full day.

The problem is then dimension changed over the spatial domain Q = [0, 1] X [0, 1] and the temporal domain Q, = [0, 1], following
the procedure described in Section 2.3. Once again, the superscript * is omitted here for the sake of clarity. In this context, the
nondimensionalization coefficients T,,; and 67 are chosen so as to ensure that the resulting values remain in [0, 1]:

T, = min min(T -(yt)) 5T:maX<M>+T .
ref T L3y pr A I ni \ A (3,0 ref
giving T,; = 5 °C and 67 = 35.5 K.

In the end, the applied boundary conditions are illustrated in Fig. 7(a) and (b), while the results of the numerical model for two
instants are presented in Fig. 7(c) and (d), where the shape of the interface in the dimensionless domain can be observed.

For this second validation, only the distribution of the error ¢, is plotted in Fig. 8 for different spatial mesh refinement. The
dimensionless time step is fixed at Ar = 2.3 - 1073, The numerical model is first evaluated using a coarse mesh with N = N, = N, =30
nodes in each spatial direction. As shown in Fig. 8(a), the magnitude of the error remains relatively small given the coarseness of the
mesh, with a maximum value around 0.5%. These maximum errors are primarily located near the corners and close to the interface,
which can already be partially distinguished. When refining the mesh to N = 100, as illustrated in Fig. 8(b), the maximum error
decreases to below 0.1%. The spatial distribution of the error reveals several distinct regions of concentration.

First, around the interface, which is now clearly identified, with higher errors concentrated in the upper part. This corresponds
to areas where the gradients are the steepest, as seen in Fig. 7(c) and (d).

Then, at the corners of the boundaryl'; these points lie at the interface between two types of boundary conditions, which are
treated in the developed model as a combination of both. However, the way the FEM model in Matlab handles such points differs.
Specifically, the applyBoundaryCondition function assigns a single boundary condition to each node, and in cases where multiple
conditions are applied to the same node, only the last one specified is retained [29]. Therefore, the discrepancy observed between
the two models is entirely expected, as they are not solving the same boundary value problem at those corner points.

Thirdly, mid-height along the boundary I';, where the applied flux ¢, ; exhibits strong spatial variation.

Last point, at the intersections between the interface and the boundaries I'; and I';, where the coupling between boundary and
interface conditions likely leads to localized numerical discrepancies. Moreover, at this location, the boundary condition equations
and the interface equations are combined. Furthermore, taking into account that the reference solution is subsequently interpolated
onto the regular grid of the model, it becomes clear that identifying the exact source of discrepancies is not straightforward.

5. Application to optimal interface design in a realistic case

As buildings account for nearly 30% of global energy use [30], improving their thermal performance remains a key objective in
energy efficiency strategies. Significant efforts have thus been devoted to the modeling of heat transfer through building envelopes
[31,32], with the aim of supporting innovative design approaches [33]. While many studies have addressed global design parameters
such as orientation and shape [34], fewer have focused on the detailed design of internal interfaces. In this section, we apply our
method to a realistic case to investigate how optimizing interface morphology at the material scale can contribute to improved thermal
performance.

5.1. Description

The case study considers a south-oriented facade of a building located in Nice, France. The wall has a height of H =3 m and a
width of L = 40 cm and is composed of two materials distributed as shown in Fig. 9 and with the properties in the Table 1 below. The
two materials are separated by the interface defined in Eq. (26), which has already been used by [35] in the context of facade design.
Given that d; = 0.2 m, this configuration corresponds to a highly efficient wall in the context of current French energy regulations
[36], with an equivalent one-dimensional thermal resistance of R = 5.1 m2.K.W~" in the case where po =0.
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Fig. 9. Illustration of the urban street canyon configuration considered in the study.

The boundary conditions applied to the wall are identical to those used in the second validation case: ROBIN conditions are imposed
on the external surface I'; and on the internal surface I';, while NEUMANN conditions are applied to the bottom and top boundaries
I'; and I'y. The expressions of the convective heat transfer coefficients remain unchanged, with the corresponding numerical values
reported in Table 2. Here, wind velocity v, varies based on meteorological data.

The outdoor temperature T, ; also follows time-dependent weather data. The indoor temperature T, ; is modeled as a function of
the outdoor temperature, representing the thermal response of a conditioned indoor environment equipped with heating and cooling
systems:

. Too, 1 (t) - Thcat
Moy s =max (12 min (72, 73+ L (1 ) ) )
cool heat

The regulation is based on a setpoint logic using seasonal thresholds: Ty, = 19 °C and T, = 24 °C denote the indoor heating and cool-
ing setpoint temperatures, respectively, while T;.,, = 17 °C and T, = 27 °C are the corresponding outdoor threshold temperatures
for the activation of heating and cooling systems.

The facade is located in an urban canyon setting, facing another building with a height AY = 4 m situated at a distance AX =3 m.
This configuration leads to a time-dependent shadow on the facade due to the trajectory of the sun. The shadow height, denoted h(z),
is derived from a sunlit area ratio as described in [17], and calculated using a pixel-counting technique detailed in [37], which has
already been implemented in building simulation tools such as Domus [38]. Consequently, the incident shortwave radiation flux g, ;
on the exterior surface varies both temporally and spatially according to the following relation:

G 1D = (50 x3, 0+ 50 + g )

with « [—] the wall absorptivity set to 0.7, y(y, 1) is a Boolean function indicating whether the coordinate y lies in the shaded or sunlit
zone, and the terms qg(t), qif(t), and qg(t) correspond respectively to the direct, diffuse, and reflected radiative fluxes derived from
meteorological data.

Meteorological conditions are obtained from Meteonorm [39], and are used to define the boundary conditions shown in Fig. 10.
These highlight the uneven distribution of radiative flux along the facade height Fig. 10(a), due to the street canyon configuration. In
particular, direct radiation is only present on the upper part of the wall during winter, then extends over a larger surface in summer
when the sun is higher in the sky. The lower quarter of the facade never receives any direct flux, as can be seen from the shadow
height in Fig. 10(b). As a result, its magnitude never reaches that at mid-height or near the top of the facade. Fig. 10(c) shows that the
climate in Nice generally leads to heating needs from October to June and cooling needs from July to September. External convection,
Fig. 10(d), exhibits strong temporal variations, particularly in the upper part of the facade. For instance, daily values can range from
5 to over 30 W.m~2.K~'. This highlights the importance of accounting for time-dependent convective effects, rather than assuming
constant values as is often done.

For the entire study, simulations are performed over a one-year period, (¢; = 365 d) using a time step of At = 30 s. Meteorological
data, originally available every 6 min, are resampled at this time resolution using linear interpolation. The spatial domain is discretized
with N, = N, = 100 nodes in each direction.
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Fig. 10. Time variations of external incident short-wave radiative flux on the facade (a), shadow height on the facade (b), outdoor and indoor air
temperatures (c), and external convective heat transfer coefficients (d).
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Fig. 11. Ilustration of the research domain Q, with some interface examples.

5.2. Design performance assessment
The objective is to improve the wall energy efficiency by finding the optimal parametric coefficients p* of the interface function
y(x,p) Eq. (26) governing the I'; shape. Energy efficiency is defined regarding the heat flux ¢(¢) [W] on the inside boundary I';:
H
aT
qt) = / —Ax) - ™ dy,
0 X

Numerically, the surface heat flux ¢(y, ) [W.m™2] is first approximated to second-order accuracy, and then integrated along the
height of the wall using the trapezoidal rule:

AN, i 3 1
o= (3T 2T -5 TR )
Nyl
y
¢"= ), - (el +e,)

i=1
Then, improving energy efficiency involves to minimizing a cost function C [J]. The optimization problem can thus be formulated
as:

p* =arg min C.
pEQ‘7

Two cost functions, C; and C,, are investigated in this study. The first one, C;, corresponds to the integral of the absolute value of
the heat flux ¢(¢) in Eq. (27), as the purpose is to minimize thermal exchanges between the inside and outside environments.
t Ny-1
¢= [T lawiar Y 1a-ar @7)
L4 n=1
In winter, the flux is typically negative (heat loss), and the objective is to reduce this loss. Conversely, in summer, the flux is positive
(heat gain), and one seeks to limit it. Minimizing the absolute value of the flux over time thus captures the dual objective in both
heating and cooling conditions.
The second cost function, C,, is based on the net consumed work, comparing the wall as a thermal engine system, described in
[40]. In this case, the heat flux is weighted by the ratio of outside to inside temperatures, reflecting the potential for mechanical work
according to the second law of thermodynamics in Eq. (28).

N,-1

If
C, = Hndt ~ " At 28
) / w(®) Zl w (28)
T,
with: w(t) = q(1) <T:£; _ 1).

Depending on the sign of the heat flux ¢(s) and the temperature difference (T, (1) — T, 5(t)), expressed in [K], the wall may
either consume or produce useful energy. For instance, if the wall extracts heat from the indoor environment while the outside air
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Fig. 12. Illustration of the results of the exhaustive search (a) and (c), and of the optimal interfaces found (b) and (d).

is warmer, it leads to a net energy production, represented by a negative work w(r) [W], which contributes to reducing C,. This
formulation enables the identification of transient, energetically favorable regimes that are not captured by the first criterion. In
contrast, C; treats all heat exchanges uniformly and simply seeks to reduce their integrated magnitude.

5.3. Optimization strategy

To determine the optimal parameters p*, an exhaustive search is conducted. It consists in performing N, independent simulations,
each corresponding to a parameter pair (py, p,) within the following search domain Q, :

Q,={peR’ | 6/ <7(x.p) < L+5l. x€Q}

Here, 7(x, p) refers to the interface function Eq. (29) incorporating a volume constraint, ensuring that the interface I'; only produces
shapes which preserve volumes of concrete Q; and insulation Q, equal to the case of a flat interface at d;. The function 7(x,p) is
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Fig. 13. Ilustration of monthly improvements in C;" and C;' cost functions values.

Table 3
Direction and location of the concavity according to (p,, p,).
Py <0 Ppo >0
p, <05 Concavity at the top opening to the right Concavity at the top opening to the left

p; > 0.5  Concavity at the bottom opening to the left ~ Concavity at the bottom opening to the right

determined using the method in [41], by introducing a constant term into y(x,7) Eq. (26) that enforces the volume constraint, as
detailed in Appendix A. This leads to the following function:
o (=) o) - 220
It is worth noting that the inclusion of this constraint leads to interfaces with identical anchor points at the top and bottom of the
wall. Moreover, the case p, = 0 corresponds to a flat interface, which serves as the reference configuration.

Furthermore, a spatial constraint is added restricting the shape of I'; to remain within the wall domain Q, with a safety margin
61 [m] computed to ensure a minimum width of four mesh cells between boundary and interface. This margin is necessary for
constructing the boundary conditions used in the numerical scheme described in Section 3.3. The incorporation of these constraints
in the construction of the domain Q,, is fully detailed in Appendix A.

In the following, the search domain is restricted to the intervals p, € [-2,2] and p, € [-3,2.5], which are discretized into 46 x 46
values. After applying the space constraints, this results in N, = 1055 couples (p), p;) within the domain shown in Fig. 11, which is
bounded by the curves P, (p;), Pfr’(pl), P*(p)) and P~ (p,) representing the spatial constraints detailed in the Appendix A. Regarding
the shape of the interface, it is observed that p, controls its amplitude, while p; determines the location of the inflection point. When
p, is close to 0.5, the interface exhibits two concavities; as p; moves away from this value, a single dominant concavity emerges. The
location of this concavity then depends on the specific position within the domain. Table 3 below illustrates how the position of the
concavity varies with different (p,, p,) values.

?(X, P) =Xx-

5.4. Results

The optimization procedure is carried out as detailed in Sections 5.1 to 5.3. The annual results for the cost functionals C; and
C, are displayed in the scatter plots of Fig. 12(a) and (c). These distributions form a surface with a similar overall shape for both
functionals, where the point minimizing each functional is highlighted in red. Notably, the optimized parameter p* differ between
C, and C,, highlight the different objectives emphasised by each indicator.

Thus, for C,, the optimized interface corresponds to the parameter set p = (0.11, —2.9), giving the shape shown in Fig. 12(b). This
configuration results in a shape with a concavity centred along the wall and directed outwards. In contrast, the optimized interface
for C,, shown in Fig. 12(d), is obtained for p; = (—0.59, 1), which produces a concavity located near the bottom, also facing outwards.
Consequently, C, favours a wall configuration with greater insulation in the lower part compared to the upper part, which tends to
increase the impact of solar gains over the year, as these are predominantly concentrated in the upper part of the facade as illustrated
in Fig. 10(a). In contrast, C; promotes a design with greater insulation in the centre of the wall. This configuration still allows the
winter solar gains to be exploited in the upper region, but reduces their effect in summer because the solar flux is better distributed
across the facade.

Finally, from a quantitative perspective, the relative improvements compared to the reference configuration with flat interface
remain modest, with AC]" = 1.22% and ACy = 1.55% respectively.

To better capture seasonal dynamics that are obscured by annual integration, the monthly relative improvements compared with
the reference configuration AC*, and ACY, are analyzed. Fig. 13 presents these monthly improvements for each cost functional.

First, it is observed that the values remain within a moderate range (between —5% and +4%), although different trends can be
identified depending on the cost functions. Functional C* exhibits an improvement for all months of the year except March, whereas
C5 shows a nearly equal number of months with improved and degraded performance. During the winter period, the improvements
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Fig. 15. Evolution of the internal flux for the two optimised cases found in comparison with the reference case with flat interface (a) over two
winter days. Boundary conditions experienced by the facade (b).

associated with C* are more pronounced than those of Cf, which may be attributed to a reduced amount of insulation in the upper
part of the wall, allowing greater solar heat gains. Conversely, during the summer period, C* outperforms C; due to its enhanced
insulation in the upper half of the wall. In contrast, C; leads to a deterioration in wall performance during this season, likely due to
insufficient insulation in the upper section.

The time scale is then reduced again to examine the hourly behaviour of the two cost functions. Fig. 14(a) and (c) illustrate the
performance variations throughout the day (vertical axis) over the course of the year (horizontal axis), with hourly improvements
represented by blue gradients and deteriorations by red gradients (AC;, and AC}\).

As previously noted, cost function C} leads to improved performance for a large part of the year, with dynamic gains reaching
over 50%. During winter, the wall performance consistently surpasses that of the reference case, regardless of the time of day.
Degraded situations primarily occur during the mid-season, at night or in the early morning, when the outdoor temperature is
lower than the indoor temperature and no solar radiation is present. During this period, improvements appear in the late afternoon,
when the impact of solar gains becomes noticeable on the inside surface of the wall. In summer, the opposite behavior is observed:
performance degradation tends to occur in the late afternoon, primarily due to solar radiation. This analysis is complemented by the
probability density function (pd f) shown in Fig. 14(b), which illustrates the distribution of AC}",. Although cases with performance
degradation exceeding 100% are observed, they are extremely rare. Moreover, improvement cases account for more than 82% of the
total.

In contrast, the results for C} Fig. 14(c) show markedly different behavior: overall performance is improved during winter and
degraded during summer. In mid-season, improvements are primarily observed around midday, which may correspond to situations
where the heat flux is directed into the building while the outdoor temperature remains lower than the indoor temperature, resulting
in a negative net consumed work . Finally, the performance assessed with C}* shows improvement in approximately 52% of cases,
and degradations greater than 50% are nearly nonexistent (Fig. 14(d)), as is also the case for Cl*.
Ultimately, although the annual and monthly improvements remain modest, it is worth noting that significant instantaneous improve-
ments can be observed at the hourly scale, reaching up to 60%.
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Finally, two days at the end of November are selected to plot Fig. 15(b) the evolution of the heat flux q reaching the inside surface
of the building facade for the two optimized configurations, p and pJ, as well as for the reference case. These situations correspond
to improvement scenarios according to the objective functions Fig. 14(a) and (c). The results show that, for all cases considered, heat
losses are strongly correlated with the variation of the outdoor temperature Fig. 15(a), with a thermal phase shift of several hours.
Moreover, the difference between the reference case and the two optimized configurations remains small during the day but becomes
more pronounced at night, when heat losses increase. This suggests that the material arrangement in the wall for both optimized
cases enhances heat storage within the facade, thereby improving its overall energy performance. This reduction is slightly more
pronounced for the facade corresponding to p; than for p.

6. Conclusion

In this paper, a novel two-dimensional transient diffusion model with a source term for composite domains has been presented.
The model is based on the finite difference method using the explicit DUFORT-FRANKEL scheme, chosen for its improved accuracy and
computational efficiency. Interface treatment between subdomains is handled using the Ghost Fluid Method, originally developed for
fluid dynamics simulations, which enables accurate resolution of interface problems on a structured Cartesian grid. Jump conditions
in both value and flux are incorporated, with flux discontinuities approximated along the mesh axes only, an aspect that constitutes
a distinctive feature of this model.

The model is validated in two steps. First, it was tested against an analytical solution (Section 4.1), which demonstrated both
the accuracy and robustness of the scheme for various interface geometries. The model retains second-order accuracy in both time
and space, consistent with the classical DUFORT-FRANKEL scheme, indicating that the incorporation of interface equations does not
compromise the numerical properties of the scheme. Additionally, error comparisons were made against two alternative finite differ-
ence models from the literature that also incorporate the Ghost Fluid Method-namely, an implicit EULER scheme and an Alternating
Direction Implicit scheme. The results confirmed consistency among the models in accordance with their theoretical properties. In
the second validation step (Section 4.2), the model was compared to a finite element code in order to assess its performance under a
broader set of conditions and in a more realistic building thermal context. This comparison further confirmed the model reliability
and effectiveness.

Finally, in Section 5, the model was applied to the optimization of interface shapes in a building wall composed of two materials and
subject to spatially heterogeneous boundary conditions, representative of an urban canyon environment. Due to the computational
efficiency of the model, a direct exhaustive search was performed. Optimal shapes were identified according to two distinct cost
functions, resulting in two clearly differentiated solutions. Although the annual and monthly performance improvements were modest,
the analysis at a finer temporal scale revealed that instantaneous gains could reach up to 60%, highlighting the importance of the
temporal scale of observation in this type of problem.m.

Looking ahead, the simplicity of the interface representation via parametric functions is an aspect that could be further developed
to enhance model flexibility. As for the application context, future work will focus on a more formal optimization framework for
interface shape design in building walls, accompanied by a deeper physical analysis of the observed thermal phenomena.
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Appendix A. Constraints application on the research domain of the realistic case study

Lets consider the initial interface function y(x, p) Eq. (26), to which we add the term A(p) incorporating the volume constraint:

7(x,p) = y(X,p) + A(p),

Next, if we impose the volume conservation of the two subdomains Q, and Q,, this is equivalent to setting the integral of the new
interface function to zero for x = d;:

H H
/?(x=d1,y,p)dy=0 = A(p)=—/ r(x=dy, y, p)dy,
0 0
this gives in detail:
H
y (Y y
A(p) = —<—— ——l>d,
() /opOH I pl)(H Y

po(2p—1)

A(p) = D
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The second constraint further restricts the extent of 7(x, p) so that it remains within the domain Q, up to a margin 6/:

d]_,_p()%(l_pl)(l_l)_w] < L-6l (A.1)

ol < L-
H H 12

which can be reformulated as:
—dy+6l < py-y,(y.p1) < L—d; -6l

with:

Y (Y y 2p -1
y”(y’pl)_H<H pl)(H 1) 12

We then need to distinguish cases based on the sign of p,:
First, in the case where p, > 0, the following inequality must be satisfied:

po < min (P:(Pl) , Pf(pl)) -
L-d, -5l —d, + 6l
with: PF(p,) = ——+—, Prp)) = ——.
N0 7o) - vy 1)

The inequality Eq. (A.2) reflects the fact that we seek the extrema of the function y,(y, p;) over the interval [0, H] in order to verify
whether each of them satisfies Eq. (A.1). The extrema are identified using the conditional functions y;’ (p;) and ¥, (@1)s which evaluate
(¥, p1) at the point where its derivative is zero, provided this critical point lies within [0, H]; otherwise, the value v,(y=0,py) is
used. The value y,(y = H, p;) could also be used instead, but this makes no difference since y,(y = 0,p,) = 7,(y = H, py)-

o S (@), if ¥yt €10, H],
7p (p)) = —0 h ;
Y,,(,V— , P1 ), otherwise.

. . H
with: y*(p)) = )= (1+p —/PP—pi+1),
yr(py) argyen[lol,r}ﬂ}’p(y 129) 3 ( P Py — P

~py = d (@01 ). iy () €10, H],
YpP1) = -0 herwi
7,(y=0.p; ). otherwise.

: H
with: y~ =arg max : =Z(14p ++/p>=p +1).
vy (p1) gye[O,H]V,,(y == ( P +/p] =P

Next, in the case where p, < 0, we proceed in an analogous manner:

po < max (P (p)). PZ(p))) .
. B L—dl_él —d1+5l
with: P (p) = ————. PIp) = ’
(D 7501 ! 75 (1)

Finally, the case p, = 0 corresponds to a flat interface passing through d;, which therefore always satisfies the constraints.
This defines the search domain Q,, illustrated in Fig. A.1 below for p, € [—4, 4], which forms a connected space.
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