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QUASILINEAR P.D.E.S, INTERPOLATION SPACES AND HOLDERIAN
MAPPINGS

I. AHMED®, A. FIORENZA® M.R. FORMICA®),
A. GOGATISHVILIY, A. EL HAMIDI®, J. M. RAKOTOSON(®)

ABSTRACT.

As in the work of Tartar ([59]), we develop here some new results on nonlinear interpolation of
a-Holderian mappings between normed spaces, by studying the action of the mappings on K-
functionals and between interpolation spaces with logarithm functions. We apply these results
to obtain some regularity results on the gradient of the solutions to quasilinear equations of
the form

—div (a(Vu)) + V(u) = f,

where V' is a nonlinear potential and f belongs to non-standard spaces like Lorentz-Zygmund
spaces. We show several results; for instance, that the mapping 7 : T f = Vu is locally or

globally a-Holderian under suitable values of o and appropriate hypotheses on V' and a.

Keywords : Interpolation, Holderian operators, Quasilinear equations, Regularity, Anisotropic-
variable exponent.
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1. Introduction - Notation - Preliminary results

1.1. Introduction.

The Marcinkiewicz interpolation theorems for linear operators acting on Lebesgue spaces
turned out to be an essential tool for studying regularity of solutions for linear partial dif-
ferential equations (P.D.E.s) in LP-spaces. Then, Jaak Peetre ([45, 46]) introduced a method
(K-method) to give a general definition of interpolation spaces between two normed spaces
embedded in a same topological space. His definition allows to extend the Marcinkiewicz’s
results of linear operators to those ones acting on abstract normed spaces. But his results
allow also to go further in the study of regularity of solutions of linear equations on spaces
different from LP spaces. The main problem to apply Peetre’s definition is the identification
of the interpolated spaces. Some results in this direction exist: for instance, we did such a
study with applications to linear P.D.E.s in recent papers (see [27], [2] or [29]) using new
spaces as grand or small Lebesgue spaces, sometimes combining the regularity method with
a duality method.

Later, in our knowledge, L. Tartar [59], under the supervision of J.L. Lions, was the first
to give some interpolation results on nonlinear Holderian mappings (which include Lipschitz
mappings) and he applied them to a variety of boundary value problems as bilinear applica-
tions, to semi-linear P.D.E.s but also to variational inequalities .

This last paper of L. Tartar, recent results development concerning the interpolation spaces
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with logarithm functions (see, for instance [34], and the previous references) and the ap-
pearance of the new operators in P.D.E.s as anisotropic p-Laplacian or variable exponents
p(+)-Laplacian, were the main motivations which lead us to reconsider the work of L. Tartar
[59] and to show that we may have Holder mappings associated to quasilinear equations in
order to obtain new regularity results.

So, we extend first Tartar’s results on nonlinear interpolations mappings 7 to couples of spaces
with a logarithm function by studying the action of the mapping 7 on the K-functional as-
sociated to those couples. This is the purpose of the second section. Here is an example of
such result:

Let X1 C X, Y1 C Yy, be four normed spaces, and let 0 < a < 1. Assume that T : X; — Y;

15 globally a-Holderian for « = 0,1 with Holder constant M;, 1.e.

AM; > 0 such that ||Ta — Tl

v, < Milla—0bll%,,  i=0,L
Then, for all a € Xy, b € X1 one has

K(Ta—Tbt*) < 2Max (My; M1)K (a — b;t)°.

As a consequence, we derive the following result:

Let X1 C Xy, Y1 C Yy four normed spaces. Assume that T : X; — Y; is globally a-Hélderian
fori=0,1. For 0 <0 <1, 1 <p<+oo, if Xy is dense in Xy, then

T is an a-Holderian mapping from (Xo, X1)apx into (Yo, Y1)p. 2 ra-

The last part of the second section is devoted to some identification of interpolation spaces
using couples of Lebesgue or Lorentz spaces. This allows us to recover spaces as Lorentz-
Zygmund spaces or GI'-gamma spaces. The list is not exhaustive but was chosen to be
applied later on, in the fourth and the fifth sections.

To define the appropriate mappings in those last sections, we consider two types of formula-
tions, the usual weak formulation and the entropic-renormalized formulation for the quasilin-
ear P.D.E.s of the form Au+V(u) = f, f in L}(Q), where A is a Leray-Lions type operator,
V' a potential, and we may prove the existence and uniqueness of solution according to the
space where the data f belongs. We can define a non-linear operator, 7 : L'(Q) — Y,
i=1,---,n:tofe€ L'(N) we associate the i-th component of the gradient of the solution

in an appropriate space Yy;. The main step is to prove that such a nonlinear operator is a
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Holderian mapping. This is done in each application from section four to six. The fundamen-
tal lemma (see Lemma 3.1 below) to obtain such a result in Marcinkiewicz spaces for L!
data reads as follows:

Let v be a non negative Borel measure and h : 2 — R4, g: Q — IR, be two v-measurable
functions. Then

1
y{h>>\}<—/ hdv +v{g>k}  ¥YA>0, Vk>0.
A Jig<ny

Replacing L'(2) by other L"-spaces we can have more regularity on the gradient of the
solution.

We then apply the abstract results on interpolation mappings obtained in the second section.
Let us notice that our estimates are optimal in many cases. Therefore we improve some
well-known regularity results as in Lorentz spaces but also we have an easy tool to derive
regularity of the gradient when the data f is in spaces as L™" (Log L)a, m > 1 or in small
spaces L("?(Q) or Orlicz spaces.

For convenience, we took only models for the nonlinear operator A. More precisely, we study
the regularity of the weak or entropic-renormalized solution of a p-laplacian type operators
such as —div <|Vu|p’2Vu> + V(x;u) = f, or its anisotropic version in a bounded smooth

domain €2 of IR",

"0 ou

or the variable exponents version of p(-)-Laplacian, where V' is nonlinear. We only consider

i—2
pi au

3@-

+ V(z;u) = f, 1<p;, p<+oo, i=1,...,n,

the Dirichlet homogeneous condition on the boundary v = 0.

An example of regularity that we can prove (it will be a consequence of Proposition 4.4, see
below) is: If u is a solution of the quasilinear equation (32) (see below), 2 < p < n and
f € LP(Q), then the gradient of the solution u belongs to [L* ®P=Dre=D(Q)]" with k < (p*)’
(here (p*)" denotes the conjugate of the Sobolev exponent of p, and k* denotes the Sobolev

exponent of k). Moreover, we have
_1
[Vl o1 < el £l Fxr

An example of non-standard regularity result that can be obtained from Theorem 4.3 (see

below) for the solution w is:

o

/01 ((/tl !Vu!*(s)”ols)'i (1— logt))‘o‘> ‘ % ,, <
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c [/01 <(/t1 f*(s)(p*)’ds) w7 (1— logt)A>p %] : ,

whenever the right hand side of the inequality is finite. Here o = %1, 2<p<n, AeR.

A

p
m! A —
Moreover, if f € Lm'—oP? (Log L) , then |Vul| € Lp@’pQ(p_1)<L0g L) T

From Section 4 to Section 6, we give some applications of the abstract results obtained in
Sections 2 and 3. For instance, here is the basis of the existence of an Hoélderian mapping
result for anisotropic equation: Let u be the entropic-renormalized solution of equation (48)

(see below). Then there exists a constant ¢ > 0 independent of u and f such that

*
_p_
7

(1) meas {|u| > k} < chHL‘Tl(Q)k v, VEk>0.

ou 2 '
JOO | e <C||f||zzl(Q)7 1=1,...,n.

) H
Oz || g

For the sake of completeness, although the existence and uniqueness for quasilinear equations

are widely done in the literature and are not the main issue of our work, we shall give some
examples of proofs of uniqueness and existence. Namely, when the operator A has variable
exponents, we have new results and we show in particular that:

There exists a constant ¢ > 0 depending only on p, n, € such that

lag|

meas {]Vu|p(') > )\} < c¢1(||f||1)1+1\‘a1\,\71+Ia1\ VA > 0.

Such topic is developed in the last section 6. The method is widely inspired by the previous
works (see for instance [7], [49], [50], [53], [54]), and uses recent theorems as the one given
in [28]. Moreover, the same method can be used to prove the existence and uniqueness of
entropic-renormalized solution for general operators including the anisotropic case.

For other results concerning interpolation of Lipschitz operators and other applications of

Interpolation theory, also in P.D.E.s, see [15, 40, 41, 42].

1.2. Notations -Preliminary results.

We shall adopt our usual notations. For a measurable f € 2 — IR, we set for t > 0
D (t) = meas {x e |f(x) = t},

and f,, the decreasing rearrangement of |f|, is defined as follows: for s € (0,2|), |2] being

the measure of €2,

f«(s) = inf {t :Dy(t) < s}.
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We also set
1 S
fuls) = [ (0
s Jo
The Lorentz space LP4(Q)), 1 < p < 400, 1 < ¢ < 400, is defined as the set of measurable

functions f for which

1o dt %
/ O] i g < too,
£ lpa = 0 t is finite,

sup t%f**(t) if ¢ = +oo,
0<t<|Q|

while ||v]|, denotes the norm in L4(€2), 1 < ¢ < +o0.

If A; and A, are two quantities depending on some parameters, we shall write
A S A

if there exists ¢ > 0 independent of the parameters such that A; < cA,, and

if and only if A; < Ay and Ay < A;.
For the anisotropic problem, we will need the following Troisi’s Sobolev inequalities [61, 60].

Setting

1 11 . n ) "1 .
_:—E — and b = b if § — > 1, p:<p17"'7pn)7
P n=p n—=p i—1 Pi

we have

Theorem 1.1. (Poincaré-Sobolev inequality for anisotropic Sobolev spaces)
If1<p<n,1<pi<n(i=1,...,n), then the following inequalities hold true.

(1) There exists a constant C' = C(n,p) such that

(1) (/ |up*da:) "< Czﬂ (/}R 10,1

R 1
(2) For any 6 = (04,...,0,) such that 0; > 0 for alli =1,...,n andze— = ﬁ, there
p

i=1 ¢

pida:) " Yue OX(RY).

—

exists a constant Cy = C(n,p,0) such that

(2) (/ |up*d:v)p <C§Z(/ 10,

In particular, we shall use the case 6; = p; for allt=1,... n.

9
pida:) " Vue (R,
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We shall denote by Wy ?(Q) the closure of C°(£2) with respect to the norm:

n

lollig =

1=0

al’i

Pi

The following Poincaré-Sobolev inequality holds true in Wy (Q).

Corollary 1.1.1 (of Theorem 1.1).

(1) There exists a constant C' = C(n,p) such that

. "1
or allve WyP(Q), i — > 1.
f 7@, if >

"1
2) If — < 1, then
25y,
WyP(Q) cs L¥(Q).

Moreover, there exists a constant C(n) > 0 such that

n

ol < C(m) ]

i=1

8.177;

pi

"1
(3) ]fzz; =1, then
i=1

Wy (@) & L7 ()

for all r < +o0.
Remark 1.1. The two last statements can be found also in [58].

As to the case of variable exponent spaces, for u : {0 — IR measurable, we set

¢mw=Lmem

and we consider the norm:

(3) ]y = inf {)\ >0 ®, (;) < 1} . (inf0 = +o0).

Setting
LPY(Q) = {u : Q — R measurable such that ||ul|,) < +oc},

the space (LP")(Q);|| - |[p()) is a Banach function space and an equivalent norm for u is the

following Amemiya norm

(4) [ulpy = if A (14250 () )
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which is equivalent to the norm in (3) since
(5) [lllpey < fulpey < 2f[ullpe)-
We set
LLQ) ={vel'(Q):v>0}, L(Q) =10 NLL(Q).
We always assume that
1 <p_=inf{p(z): 2z € Q} <p; =sup{p(z) :z € Q} <oo.

Proposition 1.1 ([16], Corollary 2.81 p. 63 and Corollary 2.23 p. 25).

Under the above assumptions on p, one has:

o LP0)(Q) is reflexive.
e For allu € LPV(Q),

lallo < ([ putipeiae) ™ ([ putoypeias )™
Q Q

We also have a Poincaré-Sobolev type inequality for variable exponent spaces. Following [19],
[16] for the next theorems (see also [20]), we shall consider exponents p(-) being bounded
log-Holder continuous functions on a bounded open set €, i.e. satisfying the property

There exists a constant ¢; > 0 such that

Log (e + 1/]z — y|)|p(z) — p(y)| < c1,V(z,y) € 2 x Q.

Assuming also p, < n, one can consider the Sobolev variable exponent

and the following Poincaré-Sobolev inequality holds true:

Theorem 1.2.
There ezists a constant C = C(n,p(-)) such that

(6) [Vlpety < ClIVOly  for allv € WeP(Q).

p(x)
p(r) -1
We can summarize the definitions of Lebesgue, Lorentz and Zygmund spaces as follows:

The dual of W™ is denoted by W~1#'0(Q). As usual, here p/(z) :=
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Definition 1.1. (Lorentz-Zygmund spaces)
Let Q be a space of measure 1, 0 < p, ¢ < +00, —00 < A < 400. Then the Lorentz-Zygmund

space LP1 (log L)’\ consists of all Lebesgue measurable function f on Q such that :

L .
(/ [t?(l - Logt)Af*(t)]qﬂ) 0<q<—+o0
[ flpgn = 0 ¢ is finite.

sup t%(l — Log t)*f.(1) q= o0
0<t<1

Here f, is the decreasing rearrangement of | f|.
We also need the next definition.

Definition 1.2. (of GT'(p, m;wy,ws)) (see [27])
Let wy,ws be two weights on (0,1), m € [1,+00], 1 < p < +oo0. We assume the following
conditions:

(cl) There exists K13 > 0 such that wo(2t) < Kyowo(t) Vt € (1/2,1).

(¢2) The function /t wy(o)do belongs to L'v (0, 1;wy).

0
A generalized Gamma space with double weights is the set

t
GT'(p, m; wy, we) = {w : Q@ — IR measurable and/ VP (0w (o)do is in L (0, l;wl)},
0

which is a quasi-normed space endowed with the natural quasi-norm:

o =[ [ o) [ ores(oo) o]

If wy = 1 we simply denote GT'(p, m;wy, 1) = GI'(p, m;w).

We shall also need the following elementary inequalities that can be found in [38], [17].

For p > 2, there exists a constant a;,, > 0 such that V¢ € R", V¢’ € R"

(7) (IeP2s = 1g 2. =€) > ale =€l

where in the left hand side the symbol (-,-)r» denotes the inner product in IR", and the
symbol | -| is the associated norm.

A similar relation holds for the case 1 < p < 2, namely, there exists a constant o, > 0 such

that V¢ € R", V¢ € R"

—2¢ el p2¢ ¢ ! |§_€/|2
(8) (e~ 1.6 =€) . > v amms



10 I. AHMED, A. FIORENZA, M.R. FORMICA, A. GOGATISHVILI, A. EL HAMIDI, J. M. RAKOTOSON
2. Abstract results on nonlinear interpolation
We shall need the following results concerning real interpolation with logarithm function (see
(23, 34]).
Let (Xo,|| - Ilo), (X1,]] - ]]1) be two normed spaces continuously embedded in a Hausdorff

topological vector space, that is, (Xg, X1) is a compatible couple. For g € X+ Xy, t > 0, we
shall denote

K(g.)=K(9,t: X0, X0) = inf (lloollo +tllgnll).

=g0+91

For0<0 <1, 1<qg< 400, ae€lR, we define the interpolation space
o1 o . .
(X0, X1)oga = {9 € Xo + X1, llgllogn = 1t/ (1 = Log ) K(g,8)||za(o,) is finite }.

Next, we consider four normed spaces X; C Xy, Y7 C Yy, and T a non-linear mapping from
X; into Y;, 2+ = 0,1 such that:

(1) 1Ta = Thllvy < f(1lallx; 1llx ) lla = bl1%, for all (a,b) in Xo.

2) [ITally, < g(llallx, ) llall%,, ¥a€ X,
Here 0 < a < 1, 8 > 0, ¢ is a continuous increasing function, and f is continuous on IR? and

such that for each o, f(o;-) is increasing.

2.1. Estimating K-functional related to the mapping 7.

Lemma 2.1.
Under the above assumptions (1) and (2) on T, let G(o) = Max <g(20); f(o; 20)>,O' € R,.
Then for all a € Xq, allt > 0 one has

K(Ta,tﬁ,Yo,Yl) = K(Ta,t?) < G(||a||x,)[K(a, )’ + K(a,t)?].
Moreover, if B > «, then
K(Ta,t”) < G(|lallx,) (1 + [lal|x,*) K (a, )"

Proof: We follow Tartar’s idea [59] (see also [39, 44]). If a € X, and ¢ > 0, then there
exist functions ag(e;-) and aq(e, ) such that ag(e,t)=ao(t) € Xo, a1(e,t)=a,1(t) € X; with
a = ap(t) + a1(t) such that

(9) K(a,t) < [lao()l]x, + tl|ar(®)|[x, < (1 +)K(a,t), Vi>0.
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We set Ta = bo(t) + by(t) with by (t) = Tay(t). Then
K(Ta,t) < lo(®)lly, + b1l lvi = Ta = Tar®)lly, + ) Tar @)l

(10) < g (llar®llxo a1, + f (lallxo; llaa(®)llxo ) oo D] %,

Since a € X,, then

(11) K(a,t) < llal x,-

From relations (9) and (11), we have

(12) lao(®)||x, < (1 +¢)llallx, Vt>0,
and then
(13) lar ()] x, < lallx, + [lao()[x, < (2 +€)llallx,-

Therefore relation (10) implies that

(14) K(Ta,t?) < Max (g(1lallxo(2+): £ (lallsy: 2+ allx,) ) [lao )%, +7llas D115, ]
and combining this relation (14) with relation (9), and letting ¢ — 0, we derive

(15) K(Ta,t%) < G(||al|x,) [K(a,t)a + K(a,t)ﬁ} Vi > 0.

If B > «, then using relation (11), one deduces from (15) that

(16) K(Ta,t?) < G(llallx,) (1 + llal[%,*) K (a, 1)

As a particular case we have the following:

Corollary 2.1.1 (of Lemma 2.1). Let X; C Xy, Y1 C Yy be four normed spaces. Assume
that T : X1 — Y7 is globally a-Hélderian, i.e. 3 My > 0 such that

|Ta—Tblly, < Mi|la—0||%,, 0<a<1,
and T maps Xy into Yy in the sense that A My > 0, >0
1 Tally, < Mollallx,-
Then, Ya € Xy, Vt >0, one has
K(Ta,t?) < Max (Mo; My) | K (a,)? + K(a,t)a].

If a < 3, then
K(Ta,t?) < (1+ llal|,”) Max (My; M) K (a,t)*.
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Corollary 2.1.2 (of Lemma 2.1). Let X; C Xy, Y7 C Yy be four normed spaces. Assume
that T : X; — Y, is globally a-Holderian for i = 0,1. Then, for all a € Xy, b € X1 one has

K(Ta—Tbt*) < 2Max (My; M) K (a — b; 1),

where M; denotes the Holder constants as in Corollary 2.1.1 of Lemma 2.1. Furthermore, if

Xy 1s dense in Xy, then the above equality holds also for all b € X,.
Proof: Let b € X; and define Sz =T (b+ x) — Tb for x € Xy. Then
15[y, < Moll[|%,,
and for all z € X; and y € X; we have
1Sz — Sy|lvy < Millz —yll%,.
We may apply Corollary 2.1.1 of Lemma 2.1 to derive
K(Sxz;t%) < 2Max (My; Mh) K (z;1)*,Vz € X,.

Choosing for a € Xy, = a — b and taking into account that S(a — b) = Ta — Tb, we obtain
the first result. If X is dense in Xy, we consider a sequence b, € X; converging to b in Xj,

and since

K (b, — b;t) < [|bn — bl|x,,
we have that K (b, — b;t) converges to zero as n goes to co. Writing

K(Ta—Tbt*) < K(Ta— Thby;t*) + K(Tb, — Tb;t),
and applying the preceding results, one has
K(Ta— Tbp;t%) + K (Thy — Th; ) < 2Max (Mo; My)| K (a — b3 ) + K (b, — b; t)a] .
Letting n go to oo, we get from the two last formulae that
K(Ta—Tbt*) < 2Max (My; My)K (a — by t)?,

for all (a,b) € Xy x Xp. O
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2.2. Interpolation of Holderian mappings.

Theorem 2.1.
Let Xy C Xo, Y1 C Yy, be four normed spaces, T be the mapping satisfying (1) and (2), and
assume that oo < 5. Then, if 0 <0 <1, 1 < p < 4o, fora € (Xo, X1)gpn one has:

Ta€ (Yo, Yi)ogzpa  and  [[Tallooyiyg pa, S |1+ [lall,")G lallxo) | llallf -

Proof: One has from relation (16)
(17) K(Ta,t") < G(llallx,) (1 + llallx,") K (a, ).

Thus, by definition of || - ||g,.x (see the beginning of this section),

t pdt Y z
(8) 7= [0 = LogoP K (Tat)E < [0+ 115006 el )] el
Set
! —_p2 A ng’
Ji= [ o751 —Log(0))"K(Ta,o)>—.
0 o
We make the change of variables ¢ = % in the first integral J to deduce:
L[ e 1 vd
(19) J = —/ 0793(1 + =|Log (o))"*K (T a,0)= )
B Jo B o
Hence
a1 < J < el
pA pA
1 Min (1; l) it A >0, 1 Max (1; l) it A >0,
with ¢ = 5 B N and ¢y = B g N
Ly (1 1)p X <0 L (1 1)p A <0
—Max (1;= i , —Min ( ;= i :
5 g g g

We obtained that J; ~ J, and from relations (18), (19) we conclude that

(20) I Tallos 2a S (1 + llallx, ") Gllallx)llal[g -

a
[‘J‘ k)

In view of applications in P.D.E.s, we first have the following:

Theorem 2.2.
Let X1 C Xo, Y1 C Yy be four normed spaces. Assume that T : X; — Y; is globally a-
Hoélderian for i = 0,1. For 0 < 6 <1, 1 < p < 400, if X is dense in Xy, then T is an

a-Hélderian mapping from (Xo, X1)gpa into (YO,Yl)(,%;,\a.
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Proof: Let a € (Xo, X1)opx and b € (Xo, X1)ap:x. We have shown in the above Corollary 2.1.2
that
K(Ta—TbH;t*) < 2Max (My; M1)K (a — b;t)°.

Following the same arguments as in proof of the above Theorem 2.1, we deduce that
(21) ||Ta_7—b||9,§;)\a < CO||a_b||g,p;)\’

2.3. Identifications of some interpolation spaces. To obtain similar results as for Propo-
sition 4.4 below with an interpolation process including a functor (as a logarithm function),

we must identify the following interpolation spaces:
(le Lm>9,p2;>m (L17 Lml)&ﬁz;/\v (stoov Lm)&l’z;)ﬂ (Ls,ooﬂ LOO>9,P2;>\7

under suitable conditions on s, py, 6. Here is the general result collecting the necessary
interpolation identification that we shall need for the application. The proof can be essentially

found in ([34]) (see also [1]), however we give below the idea how to prove the statements.

Proposition 2.1. Let 1 <r<m < 400, 1 < q, ¢ <00, 1 < p< 400,06 <1 and
1 1

AeR,if0=1then A< ——, and \ > —— if 0 = 0.
p p

,[/1 (tlreJrrfzf*(t)(l—Logt))\>p%]’l’7 0<6<1.
0
1 t : dt1s
[/0 ((/0 Sq%_lf*(s)mds)a(l—Logt)’\>p?]”, 0 =0, q <400

! pdt1s
[ fll(zra,pmaz), , \ = / ((ess sup s%f*(s))(l — Log t))‘> 7] " 0=0, 1 =+oc;
LJo

0<s<t

-l 1 . 1
/ ((/ s%_lf*(s)”ds)ﬁ(l - Logt)’\)p%] "L0=1, g < +oo;
-Jo ¢

[ (g strna-raen Y91 0=t =

0<s<t

Proof: The above proposition can be proved directly without invoking the general framework
in the cited references. Indeed, the main steps are the following two: first, to use Holmsted’s
formula (see [6]) to get an equivalent expression for the K-functional between Lorentz spaces
and then to use suitable Hardy inequalities essentially developed in [5]. &

We have several consequences of the above proposition. First, when we compare the definitions
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of Lorentz-Zygmund spaces, GI'-spaces, and small Lebesgue spaces (see [27] and references

therein for definition and properties), we have:

Proposition 2.2.

Letl1<r<m<oo, AeR, 1< py < +00.

(1) If 0 < 6 < 1, then the interpolation space (L™ L™)g .\ coincides with the Lorentz-
1 1-6 6
Zygmund space L™P2(Log L)* with — = + —
me r m
" A
the Lorentz-Zygmund space Lm"—o"2 <Log L> .

. (LY, L™)gpyn coincides with

(2) If0 =0, 1 < q1, g2 < +00, then for j = 1,2, we have
(L9, L% )0 poin = GT(qj, p2; wi, way),

with wy (t) = (1 — Log ()¢, wa (t) = 771 if g1 < 00, was(t) =t~ if go < o0,
t €]0,1[. The space (L*, L™)g ,.» is the Generalized-Gamma space GT'(1, pa; wy) where
w(t) = t71(1 — Logt)*2 (see [27] or [30]).

(3) In particular, for A > ——, we have the link with small Lebesque spaces as follows:
P2
(a) If1 < ¢ < o0, L(m’al(Q) = (LQ1, Lm’qz)o’m;)\ Vg € [1, +OO], Vm €
, 1 1
lgi, +00], a1 = ¢ (Apa +1), —+—=1.
@ 4

(b) If 1 < g2 < +o00, L(q2’°‘2(Q) = (L™, L®)g .\ with as = ¢h(Ap2 + 1),
1 1
l=—+—,Vre[l,g, Va €ll,+o0].
q2 4>

For the case 0 < 6 < 1, we may apply the following duality result (see[27, 44, 12, 57]).

Proposition 2.3.
Let X; C Xy two Banach function spaces. Then the associate space of (Xo, X1)gpr with
0<f<1, 1<p<+oo, A€R, is the space

1 1
(X1, X0)1-6p-a with — + = =1, where X| is the associate space of X;, i =0, 1.
p P
As a consequence we have the following

Corollary 2.3.1 (of Proposition 2.3).

Let1<m <400, 1<p <400, A€R, 0< <1 m = —— Then (L",L®)os
is the associate space of (Ll,Lm')1,97p/;,A, that is the Lorentz-Zygmund space (up to equiv-
alence of norms) (L™, L®)g o = L7 (LogL)A. Moreover, we have (L™, L®)gpy =

(Lm0, L®)g,pr;x-
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Finally, we shall need the next result about a reiteration of Lorentz-Zygmund spaces, which

follows from the Lions-Peetre’s lemma (see [6, 34]).

Proposition 2.4. (see [34])
Let 1 < Po, do, P1,q1 < +007p1> 0<0< 17 T € IR. Then

(meqo (Log L) TO’ [proa (Log L) Tl) = [Pod <L0g L> "
0,q;r
1 1-60 0 0
with — = + — and Tez(l—e)@+ﬁ'
Do Do D1 4o il

Before starting the application of those interpolation formulae, we shall introduce a very
useful lemma inspired by the work of Benilan et al. (see [7], Lemma 4.2). But we state it in
a general framework in view of the applications to a large number of estimates that we shall

use in the next section.

3. A fundamental lemma for estimates in Marcinkiewicz space

Lemma 3.1. Fundamental lemma of Benilan type
Let v be a non negative Borel measure and h : Q@ — R, g : Q2 — R, be two v-measurable

functions. Then, VA >0, Vk > 0, we have
1
y{h > )\} < —/ hdv + v{g > k}.
A Jig<ry

Proof: Since t — v{h > t} is non decreasing, VA > 0, we have

1 A
vih> )\ < X/ v{h > t}dt
0

- %/A(y{h>t}—u{h>t,g>k’})dt+§/ku{f>t,g>k}dt.
0 0

We have v{h >t,g >k} <v{g >k} and
vih >t} —v{h>t:g>k}=v{h>t:g <k}
Therefore, we obtain
v{h >\ < %/O+oou{h>t:g<k}dt+u{g> k).

By the Cavalieri’s principle, one has

+00
/ V{h>t:g<k5}dt:/ hdv.
0 {g<k}

With those two last inequalities, we get the result. %

Besides the applications that we shall give in the next section, we recall some estimates that
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we have already used in a previous work ([18]). Let us recall that if w is an integrable weight

function on €2, the weighted Marcinkiewicz space is defined by

LP®(Qw) = {v : 2 = IR measurable s.t. sup )\q/ w(z)dr < +oo} ,0 < g < +oo.
A>0 [v[>A

If w=1, L¥*(Q,1) is the same as the Lorentz space L?*°(Q2) defined in the first section.

Theorem 3.1. A generalized Benilan type result

Let w be an integrable weight function on 2, 1 < p < +o00, and let u € Wl’l(Q) be such that,

loc

for a constant M > 0, we have

/ VT (u)|Pw(x)dx —|—/ Ty (u)Pw(z)de < Mk, Yk >0,
Q Q
with Ty (t) = Min (|¢]; k)sign(t), t € IR.
Assume furthermore that we have a continuous Sobolev embedding,
WLP(Q,w) G LF (Q,w)  for some p* > p.

Then, one has:

/ wdmchp*piﬂ“)f% V>0,

[Vu|>A

where ¢ > 0 is a constant depending only on p, ), p*, p'. Hence |Vu| € L¥*(Q,w), withq =

bp__ Ifg>1, thenu e WL"(Q,w), 1 <r <gq.
p* +p/

Proof: For a measurable set E C €2, we set vE = / w(z)dzr and we apply the above funda-

mental Lemma 3.1 to derive that for all A > 0, V& 5 0,

(22) V|VulP > A} < %/Q VT (u)Pwdz + v{[u] > K[}.

By the first assumption of the theorem, we get, for all £ > 0 and A > 0, that

(23) v{|Vul’ > A} < ;M + v{|u| > k}.

Following Benilan et al. [7], we have {|u| > ¢} = {|T},(u)| > ¢} for € < k. Therefore

(24) v{ju > £} < — / Ti(u)

.
- P wdz.
cb

Using Sobolev’s inequality, we have
1 s

(25) v{lu| > e} < —c [/ VT (u)|Pwdx +/ |Tk(u)|pwdx} < —ck7r.

ep Q Q ep

As € — k, we have, for all £ > 0,

(26) v{lu| > k} = w(z)de < ¢k 7,

|u|>k
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where ¢, is the Sobolev’s constant. Combining relations (23) and (26), one has
(27) o IVuf > Ay <tnf { e 5 L
k>0 | A °
Computing the infimum, we have VA > 0
(28) V{|VulP > \} S M7 A7

and this implies the result. &

Here are some weighted spaces in which we have a Sobolev embedding (see [36, 56]).

Proposition 3.1.
Assume that Q is a bounded open Lipschitz set of R". Let a > 0,and let w be one of the
following weights

o w(z) = dist (z;002)* = §(z)?,

o w(x)=dist (z;20)% o € ON.

(n+ a)p
n+o—p

[/Q |U|p*wdx}p1* <c [( / |v|Pde)’1’ ; ( N2 dx>;] |

As a consequence of the above Theorem and Proposition 3.1, here is a proposition that we

For1 <p<n+a, we have p* = and

have already stated and used in [18] (see Proposition 13 therein).

Proposition 3.2.
Let v € LY(Q,6%), and o € [0,1]. Assume that there exists a constant co > 0 such that for
all k>0

Ty (v) := Min (|v|; k) sign (v) € W'L?(, %),
and
(29) / VT (v)[?6%dx + / T, (v)[20%dz < cok.
Q Q

Then there exists a constant c, depending continuously on cy > 0, such that for all A > 0

/ 0 (z)dr < ;1
{:| V| (z)>A} At ara—

In particular, if (v;) is a sequence converging weakly in L'() to a function v, satisfying the

inequality (29) and such that

/ VT (v;)|?0%z < cok Vi, Vk,
0
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then (v;) converges to v weakly in WH4(Q') for all q € [1, %{ and all ' CC €, and
n

there exists a subsequence (that we call still (v;)) such that vj(x) — v(x) a.e. in Q.

4. Application to the regularity of the solution of a p-Laplacian

/ 1 1
Let © be a bounded set of IR". Let us consider f € L"(Q)NW ™7 (Q), -+ = =1, 1<p<
p P
+o00, and V' a Caratheodory function from €2 x IR into IR such that
(H1): forallc € R, x € Q@ — V(z;0) is in L>(0Q).
(H2): for a.e. x € Q,0 € IR — V(x;0) is continuous and non decreasing with V(z;0) =

0.

Using the Leray-Lions’ method for monotone operators (see Lions’s book [37]) or the usual

fixed point theorem of Leray-Schauder’s type (see Gilbarg -Trudinger [33]) we have:

Proposition 4.1.
Let f be in L' () N WP (Q). Then there exists a unique element u € Wy (Q) such that

(30) / o(x)V(x;u)dx + / |VulP2Vu - Vodr = / fodr Yo eWyP(Q)N L2(Q).
Q Q Q
We call such solution a weak solution of the Dirichlet equation —A,u + V(x;u) = f.

Remark 4.1. (on the above existence and uniqueness)

If p > n, then L'(Q) € W= (Q). If p < n, then the dual space L¥)(Q) ¢ W17 (Q)
np

whenever p* = if p<mn, and p* is any finite number if p = n.
Therefore, the above result can be applied for these cases. In the paragraph concerning the

equation with variable exponents, we give the idea on how to prove the above proposition.

We can define a nonlinear mapping:

T LYYNW(Q) —  [LP(Q)"
f — T f=Vu.

We shall need sometimes the following additional growth assumption for V.

1 )
(p—l)(1+—) ifp<n
(H3): There exist m; € [p —1,m [, m, = n—p
< +00 if p>=n,
and a constant ¢ > 0 such that

|V (z,0)| < clo|™ VoelR, ae x €.
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We want to extend the above mapping over all L'(Q). When p = n and f € L'(), the
Iwaniec-Sbordone’s method ensures the existence and uniqueness of a weak solution that is
under the above formulation (30) or even in the sense of distribution, see for instance ([31],
[43], [24]). So the above mapping is well defined on L'(€2).

When p < n and the data f is only in L'(Q), the formulation by equation (30) cannot ensure
the uniqueness of the solution. Here it is an equivalent formulation which summarizes various
definitions introduced by different authors (see for instance [21, 7, 9, 10, 53, 52, 13]). We

consider again the usual truncation
Ty : R — R defined by Ty(0) = {|k + o| — |k — o|}/2,
and we define as in [50, 53] (see also [7]), the following T-space or T-set:

Se? = {v : Q0 — IR measurable such that tan~'(v) € W, (Q),
and V& > 0, Ty(v) € WlP(Q), suphk™#||VT(0)|| o) = & < +oo}.
k>0

Definition 4.1 (of an entropic-renormalized solution).
We will say that a function u defined on ) is an entropic-renormalized solution associated to

the Dirichlet problem
(31) —Aju+V(zu)=feL'(Q) u=0 ond
if

(1) w € S7(), V(-,u) € L),

(2) Ve W (Q), r>n, Yo e WP (Q)NLX(Q) and all B € WY(IR) with B(0) =0,
B'(0) =0 for all o such |o| = oo > 0, one has:

(32) /Q |VulP2Vu - V(nB(u - c,o))d:v + /QV(x; u)nB(u — p)dx = /anB(u — p)dz.

If f € LP () the above formulation (32) is equivalent to the formulation (30) (i.e. a weak
solution is an entropic-renormalized solution); see [50] or [43] for the case p = n. It has been
proved in the above references (see [7, 54, 52, 9, 13] ) that we have existence and uniqueness

of an entropic-renormalized solution.

Theorem 4.1.
Let f € LY () and assume (H1) and (H2). Then there exists a unique entropic-renormalized
solution of equation (31). Moreover, if the sequence (f;) converges to f in L'(SY), then the

sequence (Vu;(z)) converges to Vu(x) almost everywhere in ) for a subsequence still denoted
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1
by (u;). When p > 2 — =, the solution u € W, ().
n

Comments on the proofs of Theorem 4.1 and Theorem 4.2

e For any v € S;*(Q), the gradient of v exists a.e. in the sense that if we denote by
{e1,..., €n} the canonical basis of IR", then the following limit exists almost every-

where in )
. v(x+te) —v(x) . v
P—% t c%vZ( 7)

and
DB(v)(z) = B'(v(z)) Dv(z), whenever B € W"*(IR).

This result is only given in [52] (see also [53]).
o Let f1 € LY(Q), fo € L™(Q), u; be the entropic-renormalized solution associated
to fi and uy be the weak solution of equation (30) associated to f. Then, choosing
=1, B = tan " (T}), for k > 0, ¢ = uy is in Wy?(Q) N L=(Q). One has, dropping

the non negative term,

(33) / (\vul\p*vul - yvuZva@ VB(uy — us)da < g / Iy — folda.
Q Q

The relation (33) implies the uniqueness of the entropic-renormalized solution for all
p €]1,n].

When p > 2, we can have more inequalities for u; — us. Indeed, we can use the strong
coercivity of the p-Laplacian, that is inequality (7) (or see below (43)), and we let

k — “+oo to obtain:

[Vl — )l <7 [ I~ plas

ol—+ |U1 — U2|2

From this relation, we have for all 1 < ¢ < —1(p —1)

/ V(s —w)|? < ellf = full, [1+ ( / |v<u1_u2>|qu) }
Q Q

1 1 1 1 1

Withm2:q*<———) and — = — — — if p < n, so that my < 1; and ¢* is any
qa p q q N

number so that mo < 1ifp>n

Hence, using Young’s inequality,

1/q
(39 ([ 19t =uatt) " < cllif= il + 1= £l
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where §;, i = 1,2, ¢ depend only p, n, Q, 8; > 0. This is the method used in [49, 51].
The above inequality gives a stability and uniqueness result.
The technique developed by Benilan et al. [7] gives a more precise result than the

above relation (34). Indeed the same arguments as for having (33) with B = T, leads

to:

(35) / |VTk<U1 - u2)|pdx < k/ |f1 - f2|dl’, Vk 2 0.
Q Q
Uy — Uz -4
If fi # fo, weset w= ————. A =FK|[fi — fo||,/ and we deduce that
1fi = follj7
(36) / |IVTy\(w)Pdz < .
Q

From this inequality, Benilan’s technique (see [7] or the above Theorem 3.1) implies

that
(37) V]| o100 < c(p, Q).

This implies the second statement of the Theorem 4.2. Another proof of this regularity
result (37) is in [55]. &

Proposition 4.2.
Let u be the solution of equation (31) with f being in LP ().

(1) If £ € L3731 (@), p <, then w€ L(Q) ond [jullie <IN,

_1
if f € LY71(Q),p > n, then u e L=(Q) and ||ul|s < c||f\|f);;1( .
L1 ()
(2) If we assume (H3) and f € L™(Q), then

mi+l-—p

1
Vu e L™ and ||Vu|~ < c(1 +I A )llfllzzhm).

All the constants denoted by ¢ depend only on p, Q and V.

This proposition gathers well known results (see for instance [14], [26] or [47] page 125 for
statement (1), and [14, 15, 55] for statement (2)). The growth of the gradient in Proposition

4.2 comes from the following Lemmas.

Lemma 4.1.

Assume (H3). Let mg = L(p— 1) if 1 < p < n, or mg be any finite number in [nmy, +00]
n—p

if p>n, and let uw € L*>®(Q)), then

_1 my+1l-p
—1 1
IVl S Hulloo - [ul]



QUASILINEAR P.D.E.S, INTERPOLATION SPACES AND HOLDERIAN MAPPINGS 23

Proof: One has from (H3)

o
VGO < e [/ tnruw“(t)%]

1
2] i dt p—1
S llulle [ / tn|u|1m+1-f’<t>7]
0

m1+1 P

1
p—1

(38) S [lulloollull ot

Ln(m1+1 p)ymi+l-—p*

1
If 1 <p<mn,onehasn(m +1—p) < L(p—l) = mg since my < (p — 1) [1—}——]
n—op p
n(my + 1 —p) < mg if p > n. Therefore, the last inequality implies the result. O

Lemma 4.2.
Assume (H3) and let mgz be as in Lemma 4.1. If f € L™Y(Q) and u is a weak solution of
equation (30), then

-p

IV CulIES S IS -
Proof: By statement (1) of Proposition 4.2, u is bounded and ||u||s < ||f||Ln . We have
(39) [ull prroea < el [Vl prro.00
by Sobolev-Poincaré’s inequality (see [47]), and
(10) Vel S 71
by Theorem 4.1. From (39) and (40), we have

(41) [lull prp-ve S ||f||

Since n/(p — 1)* = mg, from Lemma 4.1 we derive the result. &
Statement (2) of Proposition 4.2 is then a consequence of the above Lemmas since —A,u =
f—=V(;u) € L™ if u is a weak solution of (30) for f € L™!(Q). The Cianchi-Maz’ja’s result

implies
(42) IVullpe SIf = V(5w )HLn S!If!an1+\\V( )HLnl

This inequality (42) and Lemma 4.2 implies the estimate (2) in Proposition 4.2.
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4.1. The Holderian mappings for the case p > 2.
We start with the Holder property in the case 2 < p < n.

Theorem 4.2.

Ifp>2, f; € LYQ), i = 1,2 and if u;, i = 1,2 are the corresponding entropic-renormalized
solution,

/’VTk w1 — ) /|f1 folda.

(2) u; € Wy''(Q), and moreover

19 (s = )l sy < €llfs = Fol Fify.

where ¢ is a constant depending only on the data p, 2 and V, n' =

n—1

Proof: We use the stability result. Indeed, let fi; = T;(f1) (resp. foj = Tj(f2)). Then,
u;; © = 1,2 associated to f;; are solutions of (30). We note first that if u; is an entropic-
renormalized solution associated to f; and fi; = T;(f1) € L>(2), then the weak solution u;

of equation (30) satisfies

IVur; = V|| w100 () o

Therefore using relation (7) and ¢ = T} (u1, —us;) as a test function in relation (30), we derive
the statement (1) of the theorem using the convergences for each Vu;. While for statement
(2), we may apply Theorem 3.1 with u = u; — uy € W21 (Q) and w = 1. O

loc

As consequence of this theorem, we have the following Corollary which proves Theorem 4.1.

Corollary 4.2.1 (of Theorem 4.2).

L'(Q) — Ln’@*l)’w(m]
o= Tr

with T f = Vu, where wu is the unique entropic-renormalized solution of the Dirichlet equation

(31). Then, for p > 2, there exists a constant c(p,2) > 0 independent of V' such that

Under the assumptions (H1) and (H2), we extend the mapping T :

HTfl TfQHLn’(P 1),00 ( )Hfl f2“£1T(19)

We derive this result from the statement (2) of Theorem 4.2. This stability implies the desired

result.

Lemma 4.3.

1
Assume (H1) and (H2). If p > 2, then the preceding mapping T is
p [—

n 1 1 1
L®) into [LP(Q)]™ with —=5t-, p= np , 1 <p<mn,p isthe conjugate of p.
) » n n—p

] -Hélderian from
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Proof: For p > 2, we recall that there exists a constant a;, > 0 such that V¢ € IR", V¢’ € R"
(43) (Ier2s — g2 =€) > ale—€”
Therefore, for two data f; and f, in LP'(Q), dropping the non negative term, we have

cp/ |T f1 = T fo|Pdx < / (\Vuﬂp_QVul — |Vua[P*Vug, V(up — u2)>dx
Q Q

< / (fi — f2)(u1 —ug)dx  (by Poincaré-Sobolev inequality)
0

< epllfi = fallpooy =T follze,
so that
T i =T faollee@) < epllfi — f2HL<p “y(
This implies the result using a density argument. &

To apply the abstract results given in the second section for interpolation spaces, we need
to use some well-known results concerning some identification. The first one can be deduced

from the famous reiteration process of Lions-Peetre or from Proposition 2.1.

Proposition 4.3.
For allr € [1,4+00], 1 <m < 400, 1 < ¢g< 400, m < k <q, we have

1 1-6 6
(1@, @) = @) it =y o

Notice that the interpolation space (Xo, X1)g.0 is the same as Peetre interpolation space

(Xo, X1)g, since X; C Xp.

Proposition 4.4.
Assume (H1) and (H2). Let p* = P ith 2 < p<n, (p*) its conjugate,
n—p

np

1<k<(pr) = ———
< (p7) —————

, p*is any finite number if p = n, r € [1,400]. Then

T f1 =T foll e o-vrw-1) < cf|fi — szLfm

k
for f1, foin LF7(Q), with k* = - —nk
In particular if f € L*"(Q) then the gradient of the solution u of (32) belongs to [L¥" P=1re=L(Q)],

if k < n and any finite number if k > n

1 / /
Proof: The mapping T is 1—H61derian from L'(Q) into [L™®=1D->°(Q)]" and from L7 (Q)
p —

/ 1
into [LP(Q)]" with ¢’ = (p*)’. Moreover, we have L*"(Q) = (L, LY),, with § = p* (1 - E)

and
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LFe=1re-1) = <L"/(7’*1)’°°,Lp> - From the abstract result Theorem 2.2, we have for
0,r(p—1
f1, foin LET(Q):

_1
T fr =T follosw-10 S 11— follg,

Noticing that bounded functions are dense in L*"(£2), we get the result. &

Proposition 4.4 improves previous known results considering the case k = r: in fact, the usual

estimate is only obtained in [L"’*(p_l)(Q)} (see for instance [14]).

Let us apply now those identifications of the interpolation spaces to obtain precise regularity

of the gradient of an entropic-renormalized solution.

Theorem 4.3.

Assume (H1) and (H2) and let m = np

(n+1)p—n
1

n, 1 < py < +oo, A € R, 0 < 6 < 1. Then, the mapping T is
p_

if2<p<mnandm € [l,+o0[ if p >

7 -Hélderian from

A

m! A p—1
[, mi=aP2 (Log L) into Lpepr2(p—1) <Log L> " with

i:(l—Q)(n—l)_i_Q and  m = ———.
Do n(p—1) P m—1

1
1—H6ldem’cm from GT(1,p;t~1(1 — Logt)*)

If2<p<nandf =0, the mapping T is

into (L™ ®P=D2°(Q), LP(Q))o po—1)r/(p—1)- This latter space has norm equivalent to

(%)

1 o N p(p—1) dt p(p—1)
ey o ~ | [ (500, 5 000 = Logn? )

0<s<to

where 1/o =p'/(pn’) — 1/p.

In the case 0 = 1, the mapping T is

1 Y
1—Hé'lde7“mn from (L*(Q), L¥)'(Q)), pr into

(LM ®=D22(Q), LP(Q))1 pjara- The first space has (quasi)norm

[/01 <(/t1 f*(S)(p*)/dS) " (1- 1ogt)A)p %] |

while the second has (quasi)norm

/01 ((/tl f*(s)pds); (1 —log t)Aa> : %

Here o = ——.
p

—
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Proof: Since T is

! [-Holderian from L' into [L™®P=1)2°(Q)]" and L™ into [LP(Q)]", and
since smooth functions are dense in Lorentz-Zygmund space LP*#2(Log L)Y, 1 < py1, p2 < +00
and (LY, L™)gpyn = Lﬁ’m([zogL))‘ according to Proposition 2.2, we deduce from Theorem
2.2 that 7 maps (L, L™)gp,.» into (L”/(pfl), Lp)e,”a?;m with o = ]%

The identification of the last space given by Corollary 2.3.1 of Proposition 2.3 proves the
results.

—Holderian from

Let 2 < p <nand # = 0. First of all, as before, the mapping 7T is

LY(Q) into [L™®=D>°(Q)]™. On the other hand, in this case, by Lemma 4.3 we know that the
1 oy
l—Hélderian from L®")'(Q) into [LP()]", where as usual (p*)’ = np/(np —

n + p). Noticing that by Proposition 2.2, (L', L®) (Q))g,a = GT(1,p;t~ (1 — Logt)*?)
and that L(p*)'(Q) is dense therein, we can therefore apply Theorem 2.2 and get that T
1 *\/ /

l—Hb'lderian from (L*(€2), L¥)(Q))gpn into (L7 P~D2°(Q), LP(Q))g p/ara- Then the

p JR—
assertion follows, because the domain space and the target space have been identified in

mapping 7T is

is
Proposition 2.1. The same argument holds for § =1 . &

To obtain boundedness of the solution in a more general situation, we need to assume (H3).

We have the following;:

Theorem 4.4.

Assume (H1), (H2) and (H3). Let 0 <0 <1, 1 <py < +oo, N€ER, f€ Ln’ni:@’pQ(LogL)’\
n' = il’ 0<0<1and f € GI(1,p;wy) with wy(t) = t_1<1 - Logt>/\p2 if 0 =0.
Thennthe entropic-renormalized solution u of the Dirichlet equation (32) has its gradient in

LT=0n-1)> (Log L) .

Proof: Since T is
is bounded from L™(Q2) into L>°(2), then, following Theorem 2.1, 7 is bounded from
(L, L™)g ppn into (L™P=D, L)

1 /
1—Hélderian from L' into [L™P~1°°(Q)]" and T, by Proposition 4.2,

» - With the identification of those interpolation

97p2(p_1);ﬁ

spaces we obtain the result. &

4.2. Few results on the case 1 < p < 2.
Some of the above results remain true in the case 1 < p < 2. The fundamental changes
concern the Holder properties than can exist but are not sharp as for the case p > 2, and the

Holder constant appearing depend on the data. Here is an example.
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Theorem 4.5. (local Lipschitz contraction when 1 < p < 2)
np

) np+p—n

L®)(Q). Then, for the weak solution u (resp. v) of (30), say —Ayu+V (x;u) = f1, whenever

V' satisfies (H1) and (H2), one has:

Let1 < p <2 p = ﬂ, n>=2 ()= its conjugate and f1 (resp fo) in
n—p

1

_1
(W) [[Vulle < cllAllfge » VU]l < el fall 7oy -

2-p
@) IV (=)l < e(|[Vuller +1Vellsr) 12 = fol o

Here the constant ¢ depends only on p and 2.

Proof: Since we have stability result, we may assume that f; and f, are bounded. Arguing

as before, one has, using Poincaré Sobolev inequality, that
[ 1vurde+ [ wVaswde < 1l < ellTulls il
Q Q

Dropping the non negative term / uV (z,u)dx = 0, we obtain (1).
Q
As to the second statement, we use the following inequality (see [38] or [17]) concerning the

p-Laplacian, namely, setting a(Vu) = |Vu|P~>Vu, we have

V(u— U)|22
(\Vu| + \vv\) )

a.e. in §.

(44) (a<vu) . a(vw) V(u—1)>a

Therefore, making the differences between the two equations and dropping non negative terms

containing V', we have from relation (44)

N2
(45) /Q( e dr < || f = gll oy [|V(u = v)|[1e.

[Vl + [Vo])>-r

We have used the Poincaré-Sobolev inequality.
(-2)
Now we estimate / |V (u—v)[Pdz. Adding the term <\Vu|+|Vv|> " *, the Holder inequality
Q
yields

2

’ Uﬂ (muw)”m]l_ |

M|

[ =opa < ([ 19609l 190) )

and with the help of relation (45), we have

2—p
IV =0l S 1 = Fol oo (119l + [IV0ll0)
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Corollary 4.5.1 (of Theorem 4.5).
Under the same assumptions as in Theorem 4.5, there exists a constant ¢ depending only on

p and §2 such that

1

1
19 = 0)llzs < (/LA + 1l 7oty )£ = foll oy

oy 1
In particular, the mapping T is locally Lipschitz from L®)'(Q) into [LP(Q)]" with ol =
p
1 1
-4,
p n

We can have, therefore, the following weaker version of Proposition 4.4 when 1 < p < 2.

Proposition 4.5.

Assume (H1), (H2) and (H3). If 1 <p <2, (p*) <k <mn,r€l[l,+o0], then the non-linear
mapping T is bounded from LF™(Q) into L¥7(Q), ky = m, with 6 = p*(1 — %)
Proof: Following Corollary 4.5.1 of Theorem 4.5 and Proposition 4.2 | the hypotheses of
Theorem 2.1 are valid for 7 with Xy = L®)'(Q), X; = L»Y(Q), A = 0, Yy = [LP(Q)]",
Y1 =[L®(Q)])", a=1and § = Z% According to Theorem 2.1, 7 is then a locally bounded

1 1-6 ¢
mapping from (Xo, X1)g,, into (Yo, Y1)sp—1),» with 6 € [0, 1] such that e ) + —. There-
D n
. 1
fore (X(],X1>9’T = Lk’T(Q) and ()/07 )/I)Q(p—l),r = Lkl’r(Q) with k‘l = m <>

Remark 4.2.

a.) One can make precise the bound for T locally, according to Theorem 2.1, Corollary
4.5.1 of Theorem 4.5, and Proposition 4.2.

b.) If p > n, then the mapping T is Lipschitz from L*(Q) into [LP(Q)]": this is a
consequence of the Poincaré-Sobolev inequality that we have recalled in Proposition
4.2. Therefore, in view of the Cianchi-Maz’ja’s reqularity result, the application T is
bounded from (L', L™")g 4. into [(LP, L>)g 4™

c.) The list of applications of the above applications is not exhaustive, the reader might
deriwe more results combining those abstract theorems and propositions.

d.) For other results concerning equations with data in Lorentz spaces, see e.g. [25, 35].
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5. Application of the interpolation for the regularity of the solution

of the anisotropic equation

5.1. Preliminary results on anisotropic equations.

We want to provide similar results as before for the solution of

—Aju+V(zyu)=f inQ

(46)
u=>0 on 0f).
"0 (| ou P du S ,
Here Aju = — — |, p= ceyPn), L<pi < 0 = (py,--5P,),
ere Agu ; axi( o 8$i>,p (p1,---Dn) p; < 400, p' = (p Pn)

where p; is the conjugate of p;.
The main differences reside in the exponent appearing in different directions of the space IR".

Moreover, the estimates concern directly the derivatives in each direction of the IR"-space.
1~ 1
Let us recall, from the Introduction, that the real number p is defined as — = — —. When
b ni=Ppi
1
Z—>1 (say p < m) , we set p* =
— p; n—p
the Holderian property of the mapping 7. We set

. We will focus first on the case p < n for having

WiP(Q) = {gp € Wy (Q) such that d,p € LP(Q) , i =1, .. n}

Se = {v : Q0 — IR measurable s.t. tan~'(v) € W, (Q)

and Ty(v) € W P(Q) with sup | Max kv

k>0 L1sisn

@n@mm<+m”.

The definition of an entropic-renormalized solution is similar to Definition 4.1; we replace the

operator and the spaces by the above ones.

Definition 5.1. entropic renormalized solution for anisotropic equation
For & = (&,...,&) € R™ we consider the vector field az(&) = (|§1|p1*2§1, e |§n|p”*2§n>.
We will say that a function u defined on € is an entropic-renormalized solution associated to

the Dirichlet problem
(47) —Aju+V(r;u) = f e LY(Q) u="0 on 00

if
(1) u e S§P(Q), V(-,u) € L'().
(2) Y € Whe(Q), Yo € WiP(Q) N L=(Q) and all B € W“(IR) with B(0) = 0
B'(0) =0 for all o such that || = ¢ > 0, one has:
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(48) /aﬁ(Vu).V<nB(u — go))dac + / V(z;u)nB(u — ¢)dr = / fnB(u — ¢)dz.
Q Q Q

Concerning the existence and uniqueness, let p* be the number defined for the validity of the

Poincaré-Sobolev inequality: Jc¢ > 0 such that

1

pidm) P .

Vo € WP(Q) (/Q\v|p*(x)d:c)p <C<Z/Q|aw
=1

Considering the main operator

Au = —div (az(Vu)) + V (-, u)

which is strongly monotonic from W, () into its dual W*L’;'(Q), for f € L'(Q) ﬂWﬁl’pﬂ/(Q),
the usual well-known Leray-Lions method or the Leray-Schauder fixed point can be used for
having the existence and uniqueness. Moreover, if f € L>(Q2), the maximum principle holds
true, using for instance the rearrangement technique (see for instance [3, 17, 26, 47]) and
noticing that the operator aj satisfies the following coercivity condition: there exists ¢; > 0
such that for all £ € R",
az(€) - & = [€]P~ — ¢ with p— = Min (p;, ¢ € {1,...,n}).

Once the L*>-estimate is obtained, one may apply standard techniques (approximation method

and compactness results) (see [37, 17, 48]) to obtain the following proposition:

Proposition 5.1.
Let f € LY ()N W‘l’ﬁ(ﬂ). Then we have a unique weak solution u € W P(Q) satisfying:

(49) /Qaﬁ(Vu) -Vodr + /Q o V(x;u)dx = /Qfgodx, Vo € Wol’ﬁ(Q) N L>(9Q).

Moreover, one has the following energy estimates, for f € L¥)'(Q), p < n,

(50) g/a |0;u

where the constant ¢ depends only on €2 and p.

If f € L*™(Q), then u € L*(R2), and there are constants c¢; independent of V and f so that:

P dx+/uV(x;u) dz < || f|[Y ey,
Q

/
p_

(51) lullee < 1+ call flloc

with p_ = Min (p,-, 1=1, -,n) and p'_ its conjugate.
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Remark 5.1.
A large literature is devoted to the existence for anisotropic equations, besides the above ref-
erences, one also has [3, 32, 4]. Those works do not treat the question of local Holderian

properties of the gradient as we did here.

a.) The fact that the constants ¢; and cy in relation (51) do not depend on V is due to
the hypothesis on V' which implies that oV (z;0) >0, Vo € R.

b.) Compactness results concerning anisotropic equation in general form can be found in
[22] (see also [49, 51]).

c.) When f € L®)'(Q), the weak formulation is equivalent to the entropic-renormalized
formulation. The proof is the same as in [50].

d.) The entropic-renormalized solution is specially made for f € L*()). But the proof of
the uniqueness for the solution of (48) (see Definition 5.1) is the same as Benilan et

al. [7] or Rakotoson [50], since the operator
Au = —div (@5(Vu)) + V(- u)

is monotonic. It can be shown that, if uy and uy are two solutions in a T'-space Sé’ﬁ(ﬂ),

then necessarily, one has for all k > 0

/ [Eﬁ(Vul) - ZL\Z;(VUQ)} - V(up — ug)dx < 0.

|ur—uz|<k

As to the existence, it follows using standard approximation technique by replacing f €

LY(Q) by the sequence f; € L™(Q) such that || f — f;||z.r —— 0, ||f;ll1 < ||fIli. Then,
Jj—00

one can obtain uniform estimates for the unique weak solution u; € Wol’ﬁ(Q) N L>(Q)
(52) —Ajuj + V(z;u,) = f.
The proof of the following theorem follows the same arguments as in [7] and [49, 50, 51, 53, 52].

Theorem 5.1.
Assume that (H1) and(H2). Then there is a unique entropic-renormalized solution u of (48)

gwen in Definition 5.1. Moreover, for a subsequence denoted by u;, Du;(x) — Du(x) a.e. in

Q.

Remark 5.2.
In the next paragraph, we will give new and precise spaces where the gradient should be, under

various conditions. In the case

/

Min p; = p_ > Max <p_; 1), n' = p = P conjugate of p,
i n' n p—1
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we have u € W' ().

’
n'p;

5.2. The definition of the mappings 7; from L'(Q2) into L 7 ().

Theorem 5.2.
Let u be the entropic-renormalized solution of equation (46). Then, there exists a constant
¢ > 0 independent of uw and f such that :

*
_p_
7

(1) meas {|u| > k} < chHL‘Tl(Q)k v, Yk >0.

u

@ |5

i
L <C||f||zil(g)7 1=1,...,n.
L Q)

i

Proof: For the statement (1), we follow the arguments of Benilan et al [7] so we drop it.

A similar result as for the second statement (2) is given in [4], but the estimate is not precise
as we announce here. More, our method is completely different. To prove it, we apply
the fundamental lemma of Benilan type (see Lemma 3.1, in the third paragraph) choosing

pi
h = and g = |u|, to deduce that for A > 0 and for all £ > 0:

8@»
ou |7 1 ou [
< =
(53) meas {‘893@ >)\} < /\Agk a. dx + meas {|u| > k}
k Bo_pt
(54) < Il + eIl Ak

This implies

Ppi

meas Ou
0

T
Computing the infimum, one has
ou |7 ! 11
meas{ ! >z\}§||f||‘f{1/\ ’ with a =n’ (———).
al’i p p*
This last inequality implies the result. %

1 2" p*
< 3 _ P _p/
>A}N1\k4>151 ()\||f||L1k+||f||L1k )

In order to derive a Holderian mapping, we will use, as in [17, 38], the elementary inequalities
(7) and (8).
We will deal with different situations. Let us start with the case p; > 2 for all 7.

Theorem 5.3.
P . :
Assume (H1), (H2) and p_ > Max (W,2>. Leti € {1,...,n} . Then, the mapping

n

MO s L0
. (€) (€)

Foo— Tp=
6%

i

where u 1s the unique entropic-renormalized solution is:
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(1) % -Holderian if p' < p;,

(2) globally Lipschitz if p' = p;,

(3) locally Lipschitz if p > p;.

(4) More precisely, we have a constant My > 0 such that for all f1 and fy in L'(Q)

- - »
Tifs = Tifoll woi _ < Millfy = follfh, i€ {l,...,n}.
L’

Proof: Let f; and f, be in L'(2). Due to the stability property, we may assume that f; and
fo are in L>°(Q). Let u; (resp. ug) be the weak solution of (46) associated to fi (resp. fa).

Then, for all £ > 0, using relation (47) one has:

(5) @Y [ 10uTitur — wa)prde <1fs = £ll
m=1 Q

Arguing as in Theorem 5.2, one deduces that Vk > 0

(56) meas {[uy — us| > k} < cal|fs — fol| 1 h77 .

From relation (56), by the same argument as before, which uses the fundamental lemma of
Benilan type (see Lemma 3.1, in the second paragraph) with appropriate choices of h and g,

we deduce

/
p

10 (ur = wo)l| e < ellfi = foll}
L P

BE
This gives the result. &
We have another Holderian mapping when the data is in L®")'(Q)

Theorem 5.4.

1 11 = 1
Assume (H1) and (H2). Let — = — Z — with Z — > 1, and let fi and fy be two functions
b ni= P i Di

LP(Q) with p* = L Furthermore, we assume that p_ > 2. Then, for two weak solutions
n p—
uy and us associated to f1 and fy, one has
1) 3 [ 1ot = w)ldo < clfy = fll e
i=1

/

(2) 110s(ur — ua)l|pes < el fy = follliey fori=1,... n.

Proof: The proof is straightforward using u; — us as a test function in the weak formulation
for equation (47). O
Now, we apply the abstract results concerning interpolations, at first for usual Lorentz spaces

as we did before.
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Theorem 5.5.
Assume (H1), (H2), and p_ > Max (2;p'), 1 < k < (p*), r € [1,400]. Then for each

k*p;

i € {1,...,n}, the application T; is an Hélderian mapping from L*"(Q) into L p/l’%(Q),
k ~ ou;
with k* = nk' More precisely, for all f1, fo in L*(Q), Tif; = a—uj, i=1,...,n,j=12,

n — €X;

we have
/
~ ~ P
WTify = Tifoll wp g < Mollfi = folfkr
L P

P

Proof: We argue as in Proposition 4.4, following Theorem 2.2. We have

/
b

Tifs = Tifoll w, S A= Bl poory,

(L v 7Lpi)9ﬂ
7

1
whenever 6 = p* (1 — %>, and the identification process (Proposition 4.3) shows that

’ *
n'p; k™ p; rTp;
00 ; =
[ p/ ’ [pz [ p/ :p/ .
) g, TP
? p/

This gives the results. &

We may also use the interpolation with a function (1 — Logt)*. Here is an example.

Theorem 5.6.
Assume (H1), (H2), and p' < p; for eachi € {1,...,n}, m=(p*), A€ R 1< ¢ < +o0,
/ *

~ P A Pg;-9 )\ai
T is E—Hé'ldem'an mapping from Lvr 1% (Log L) into L0 (Log L)
Pi

1 1-0 0 "pi
with — = —1——,7’1’:2,0@:2.

Doi T Di p Di

Proof: We apply the abstract result stated in Theorem 2.2, with

Xo=L' X;=L") Y,=L">® Yi=LP, r=

/ _ /

the Holder exponent being o; = P Since T; is P _Helderian mapping from L! into L"*° and
Di Di

from L®") into LP, we deduce that

T (Ll,L<P*>’) — (L”"’O,L”i>
0,q1;\ 9,%;)\0@'
is a;-Holderian mapping and the identification space gives the right result. &

We can have similar results for variable exponent but computations are more complicated

and are not optimal. So we restrict ourselves to some estimates.
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n

1
5.3. The Local Holderian mappings for the case E — < 1. The purpose of this para-
— Di
=1

1
graph is to show the following result, which deals with the case Z —=—-—<1

n
= PP
Theorem 5.7.

Assume (H1) and (H2). Let f € LY(Q), p > n. Then the unique solution u € Wy *(Q) of the
equation (46) satisfies:

_1
L): [Jullee < AU

ii.): 2": ||0;u
i=1

/

_ / 1 1
§2<C||f||11)> 5‘1']—):1-

iii.): In particular if uy (resp. ug) is the solution associated to fi (resp. f2), we have

fori € {1,...,n}
(1) If p; = 2, then:

|10 (u1 — u)

p S 1= ol llr = uslle.

(2) If p; <2, then :

& Uy —u 2
/Q (|3|u1§4i ’a.uj;—pi dr < |[f1 = foll1 [[vr — u2l|oo-

Proof- Note that when p > n, L*(Q) is a subspace of the dual of W, ?(Q), therefore the
existence and uniqueness follows from standard theorem concerning monotone operators (see
Lions [37]) or using fixed point theorems. So we have for the solution u € Wy 7(€2), noticing

that uV (z,u) > 0, that

(57) >_ I

Now we use the convexity of the exponential function. Setting temporarily \; = i, one has
np;

b </fudx< [T
Q

n
Z Ai = 1, and setting a; = ||0;ul|,,;, one has

=1

n n

n p/n
n P . .
[H ai] — e[Zii diLogal] Z Nal' < Z at”.
i=1 i=1

/

Hence

(58) [H |05

-

] < (I£11 [l o) -
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Using the Poincaré-Sobolev inequality given in Corollary 1.1.1 of Theorem 1.1, we derive

_1
(59) lulloe S 11T

Combining relations (57) and (59), we get the statement i.).

Let u; (resp. ug) be the solution associated to fi (resp. fa).

Since (V(m; uy) — V(z; u2)> (u; —ug) = 0, equation (46) implies, using elementary inequalities
(see relations (7) and (8)), that

i
> o —wl+ Y[ e < Al —

{i:p;>2} {i:pi<2}

from which we derive the result. &

Corollary 5.7.1 (of Theorem 5.7). Let p > n, i € {1,...,n}. Then the mapping Ti

LY(Q) — Lri(Q)
; Ou  where u is the unique solution of (46), satisfies

8.’131"
1%t case:
~ 1
If p; = 2, then T is a locally —-Hdlderian mapping and for fi € LY(Q), fo € LY(Q)
1Tefs = Tefallpe S [LAIFT + A1 |11 = £
2 case:

~ 1
If 1 < p; <2, then T; is a locally i—Hélderz'an mapping and

1Tt = Teholloe S Go( A A1) ILf: = Sl

1

1 1
with Go(t;0) = (tp + ap/> " (tp%l + ap%l> * for (t,0) € [0, 400[x[0, +00].
Proof: If 7 is such that p; > 2, then following Theorem 5.7,

|[0i(u1 — ug)

p S 161 = ll [l + el < (AT 1] 13 = fll

This gives the first statement.

Let i be such that 1 < p; < 2. From Holder’s inequality, using Theorem 5.7 iii.), we have

pi Pi

P 2 ]2
< U= Fell o = el o] * | 17

Using i.) and ii.) of Theorem 5.7,

(60) |10;(ur — ug)

1

HMm—wmms@mw%wmwﬁ AN + 1) 1A - £l



38 1. AHMED, A. FIORENZA, M.R. FORMICA, A. GOGATISHVILI, A. EL HAMIDI, J. M. RAKOTOSON

This gives the results. &

As we observed, if p; > 2 Vi, we may have a global-H6lderian or Lipschitzian mapping.

Corollary 5.7.2 (of Theorem 5.7). If p_ = Min p; > 2, then for all i € {1, o ,n}

<|Ifi = Lll7 Vi and V fo in LYQ).

Pi ~

N Tofr = Ti o

6. Few estimates for the solution of —A,yu+ V(z;u) = f € L'(Q)

6.1. Existence and uniqueness for —A,yu+ V(z;u) = f € L*(Q).
For the p(-)-Laplacian associated to variable exponent, we shall consider the same framework
that we introduced in the first paragraph, in particular p : Q —]0, +o00[, will be a bounded

log-Holder continuous function

pr— 1 < pr— * p—
L <p-=Min p(z) < ps = Max p(z) <n, p(z)

whose conjugate is denoted by [p*(-)]" = (p*)'(-). Moreover, we set

p(z) , x € Q, p* = Min p*(z), p-. = Max p*(z), idem for p’ conjugate of p.

/ —
P (ZE) N p(l‘) -1 €N €

For convenience, we shall add the following assumption for V:
(H4) : de >0, fo € Ry, such that sign(t)V(z;t) > |t|° — fo, for a.e. x € Q, all t € RR.

Such assumption is true if for instance V(x;t) = [t[P®)=2¢ with ¢ = p_ — 1. We need (H4)

only to ensure boundedness of solution when the right hand side is bounded. We first have:

Proposition 6.1.
Assume (H1), (H2), and (H4), and let f be in L>(S2). Then we have a unique element
u € Wol’p(')(Q) N L>*(Q) such that:

(61) / IVu|PD 2V - Vo dr + / oV (z;u)dr = / fedr Ve Wol’p(')(Q).
0 Q 0

Moreover, we have

(62) /Q VP dg + /Q uV (au)de < C 105 + 1710

1

(63) lulloe < M + 1 with (fo + 11/l ) =M.

Idea of the proof
Let k = M + 1, and define the operator A from W = W *"(Q) into W’ = W10 (Q) by

Av==Ap o+ V(5 Ti(v)), veW.
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Due to the assumption (H1) and (H2) on W, one can check that A is hemi-continuous,
monotonic and coercive (see Lions’s book for the definition [37]).
Therefore, V f € W', we have an element u € W : Au = f. Since the p(-)-Laplacian is strictly

monotonic and L>*(Q2) C W', we deduce that u is unique and solves

(64) /Q IVulP® 2V - Vo dz + /Q oV (z;Ty(u))dz = /Qfgodx, for all ¢ € Wol’p(’)(Q).

Let us show the L*°-estimates. For this purpose, we consider
= (]Tk(u)\ — M>+sign(u) e WP (Q).

Then, dropping the first term, we have:

+

(65) /Q<]Tk(u)|—M>+sign(u)-V(x;Tk(u))dx< |]f|]oo/Q(Tk(u)|—M> d.

Taking into account the hypothesis (H4), we derive from relation (65) that

(66) [ (mtwt = 1) [1160F = (o 11f11) Ja < 0.

The set {]Tk(u)\ > M} is equal to {]Tk(u)\6 > (fo + HfHoo) } So we deduce from (66) that
{|Tk(u)| > M} is of measure zero, i.e. |Ti(u)] < M a.e. in Q. But k > M and this implies
that |u(z)| < k almost everywhere in Q. This relation and equation (64) imply that u is a

solution of (61). The uniqueness follows from the fact that
@08 — @ (@)][E = €1 >0 €A E, Gy(€) = |72, o

Remark 6.1.

o We may have |[ulloe < M = (fo + ||f|loc)c if fo > 0 or ||fllec > 0, using the same
argument but choosing k = M, ¢ = []Tk(u)| - M + 77] sign(u) with n small enough
Jr
so that M > 1.

o The energy inequality is obtained by choosing ¢ = w and applying Poincaré-Sobolev

inequality to derive
[ w19l

Using Proposition 1.1, we have

1

= o
NI (/ |Vu(m)|ﬁ(x)dm) + (/ |Vu(x)|p(x)dx) ’
Q Q
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and therefore

Pl Pl
oy T I (p*y] :

/]Vu]p(x)d:n—i-/u‘/(x;u)d:céc I f]
Q 0

&

e Related existence and uniqueness results are also given in [11]. But they do not consider
with a lower term and the estimates that we provide here are sharper and precise.
More, the compactness provided below is different of their method and we give results

on Holderian properties that are not included in their results.

The Proposition 6.1 is the basis of the existence results when we change the definition of weak
solution in (61) by entropic solution or renormalized solution, or simply taking the data f in

the space L'(Q) N W~17()(Q). Here is an example of such a result:

Corollary 6.1.1 (of Proposition 6.1). For f € LW OV there exists a unique weak solution
w of (61) with the test functions ¢ € Wol’p(')(Q) N L*>°(Q2), which means that

(67) /\Vu\p(x)2Vu‘Vgodx+/goV(a;;u)dx:/f@dx.
0 0 0

Sketch of the proof
Let f; =T;(f) € L>*(£2). Then VA >0

, (p*(x))
Q A Q

il < I f]

Following Proposition 6.1, we have u; € Wy (')(Q) such that (61) and (62) hold. We derive

(™ ()

M dz.

A

Therefore,

MO

(68) /|Vuj|p(z)dx+/ujV(x;uj)dx<c | f]
Q Q

p- Pt
oy T ||f||[p*<->1/] :

Since W) (Q) is a reflexive space, we have u € Wy *)(Q) and a subsequence still denoted
by u; such that the sequence(u;); converges weakly to a function u in W, P (')(Q), almost
everywhere in 2 and strongly (by compactness) in LP~(£2).
Moreover, the fact that 0 < / u;V(x;uj)dr < Cp < +oo implies that

Q

(69) Sljl'p/ﬂ V(25 u5)]dr < C} < 4-00.



QUASILINEAR P.D.E.S, INTERPOLATION SPACES AND HOLDERIAN MAPPINGS 41

Hence we have / |V (z;u)|dr < C} using Fatou’s lemma. Moreover, choosing
Q

© = <|u]| - t> sign(u;), t > 0, we derive from (61)
+

(10) [ Weme< [ gl

|'U4]">t

Therefore we get

Jj—+oo

(71) lim /Q |V (z;u;) — V(x;u)|dr = 0.

o

For the strong convergence of the gradient, we recall the following lemma, which is based on

the monotonicity of the mapping @,()(£) = [£[P®~2¢ in our case (see [49, 51]).

Lemma 6.1.
Let (uj); be a sequence of Wol’p(')(Q) having the following properties :
(1) There exists q(-), 1 < q- < q(-) < p(-), such that (u;) remains in a bounded set of
Wol’q(')(Q) and (u;) converges weakly and a.e. to a function u.

(2) 2} = Ti(u;) remains in a bounded set of Wol’p(')(Q) for all k > 0.

(3) VE > 0, we have a real function cy, such that
V0 <e<eg lim sup/ Uy (Vuy) - V(u; — T (u))de < ci(e) and limcy(e) = 0.
i T < =0
Then, for a subsequence still denoted by (u;):

(a) Vu,;(z) = Vu(x) a.e in Q.
j 9]

s

(b) If furthermore the conjugate s of s'(+) =
0, then

satisfies lim l[/sm(x)alx] =
Q

p(-) =1 m=o0 1M

lim/ ‘\Vuj]q(w)’QVuj dx —/ |Vu\q(x)’2Vu‘ dx = 0.
J [¢) Q
(¢) In particular, for all ¢ € Wol’q/(')(Q)
lim/ |V, |12V, - Vo do = / V"2V - Vo da.
J 0 Q

Proof: The proof of the first statement is similar to Lemma 2 of [51] (see also [49]) or Lemma
A5 of [52] for a more general case, so we drop it. But for the second statement, we need to

use Theorem 2.1 of [28] and Vitali’s convergence lemma. Indeed, let us set

hj = ||Vu; |92V, de — / |Vu| "2V,
Q
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Then, the preceding statement shows that hj;(z) — 0 almost everywhere in Q. Besides
applying Holder’s inequality, we have the following uniform integrability, for all measurable

set £ C Q:
/E Ihy(@)ld < Xl

for some constant ¢ independent of j and E. Following Theorem 2.1 of [28], the condition
on s implies that ||xg||s.) tends to zero as meas (E) tends to zero. Thus the conditions of

Vitali’s convergence lemma are fulfilled, so that lim / |hj(x)|dx =0 . &
7Ja

Since Ty(u) € Wol’p(')(Q), for all & > 0, then for any ¢ > 0 the function 7. (u; — Tj(u)) is
a suitable test function in relation (61). We then derive the third statement of Lemma 6.1.
Therefore we have the necessary convergences for the gradient to pass to the limit in the

equation

(72) / |Vuj\p("”)QVujV<pd:U—|—/ng(x;uj)da: = / fiv pe Wol’p(')(Q) N L),
Q Q Q

so that u solves the equation (67).

The uniqueness is a consequence of strong monotonicity of the @,.. O

Corollary 6.1.2 (of Proposition 6.1, Local Holderian mapping). Assume that p_ > 2.

LEOY (Q) — [LP(')(Q)]n o
1s oy = —-local Holderian mapping.
f—T"f=Vu D+

Here u is the solution of (67) associated to f.
More precisely, we have: ¥ f1, fo in L[p*(‘)]'(Q)

The mapping T :

a1

T fr = T follpey S 2(f1s f)II 1 = fo [p*()]

—a a2—o ; p/

Proof: If uy (resp uy) is the solution of (61) with f = f1 (resp fo € LP"OI'(Q)), then

/ IV, — Vup[P@de < e [Hfl — fal I[)pt(-)]’] :
Q

ﬁ;(_)}/ + Hfl - f2’

Since we have

219 (s =l < | [ 190 =] [ [ 1900wy
Q Q

P pl
=t>==u. &
- b+

we get the result, noticing that 1 > ay
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6.2. A priori estimates for variable exponents with data in L'(().

We only give a priori estimates starting with the equation (61).

Proposition 6.2.

For a solution u of (61), one has:
(1) / VTu(w)PDdz < k| fll, VE > 0.
Q ) N
2) 19Tkl < Max (kI 5 (kI ).
(3) 11Ty S Max (kIS5 RILAL) P ).

Proof: Taking as a test function ¢ = Ti(u), we get (1). In order to get (2), we use the estimate
p(z) i p(x) p%
dx + / ‘VTk(u) dx
Q

Finally, the last statement is a consequence of the Poincaré-Sobolev inequality. &

ATl < ( [ 7760

and statement (1).

Next we want to study the decay of meas {|Vu\p(') > A}, for A > 0. To make our computation

easier, we will take the new variable k = k|| f||;, k > 0. We have:

Proposition 6.3.
For all A >0, all k > 0, we have

meas {|Vu|p(') > /\} < é—I— meas {|u| > E}

Proof: We use first the fundamental lemma of Benilan type, see Lemma 3.1 with h = |Vu|P),
g = |u| and then we apply the statement (1) of the preceding Proposition 6.2 to conclude.

Next, we need to estimate the decay of meas {\u! > E} One has:

Proposition 6.4.

*

Let a; = Py _ p*, () = Max (t”i; tpi> fort > 0. Assume that a; < 0, that is
P
n—p_ _
n—Dp+ P+

meas {[ul > B} < v (|1f11 )k with k= F||fl].

Then

Proof: We know that for & < k, one has {|u| > 5} = {|TE(U)| > 5}. The same argument as

before leads to

. A1 111
(73) meas {|u| > k:} < Max ( i g |15 ()

p*(z) dr,
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from which we get, using statement (3) of Proposition 6.2,
meas {|uy > E} < ¢ (|1£11) Max (wi; k*p*—) Max <M1(k;)p1; Ml(k;)p*—)

where M, (k) = Max <k‘ﬁ; kE>.
If £ > 1, then the above estimate is reduced to

meas {Jul > B} < oAk, 0 =2 —pr.

* —

p*
If £ <1, then it is reduced to

*

T as . p_ «
meas {\u| > k} <valll ke, with ay == —pt.
Jr

But we have

py—p-) [1 1 n-1
<n—mxn—n»[ T

pr p-
and therefore for k£ < 1, k%2 < klaal,

a; — Gy = >0:a; 2 ao,

So for all £ > 0, one has

meas {Ju] > B} S (1714,

Theorem 6.1. (main estimate for the L'-data)
Under the same assumptions as for Proposition 6.4, there exists a constant ¢ > 0 depending

only on p, n, ) such that
1 lag|
meas {|Vu|p(') > )\} L et ([|f]]|) T AT al - VA > 0.
Proof: From Proposition 6.3 and Proposition 6.4, we have, for all £ > 0,

k
meas {[Vup0 > A} < 3+ e (l11)r!

where ¢; depends only the Sobolev constant that is on €2, n, p. Taking the infimum of the

right hand side, we derive the result. &
Corollary 6.1.1 (of Theorem 6.1). Assume that 1—‘;11‘ ’p_ > 1. Then for all q €
ay
{& a1] p+[ we have
p_’ 1+ ’Cl1|

[ 19 de < con()
Q

where ¢ depends only on ), p, n.
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Proof: From Theorem 6.1, we deduce

1+lag| g

- 9 ey
/\vu|p+p< )dx<0w1(|]f|])p+'“1/ £ dt < oo,
Q 0

¢
Remark 6.2.
We recover all the condition that we obtained in the preceding section when p(x) = p is
a 1
constant. In particular, the condition Lﬂ |p, > 1 s equivalent to p > 2 — — since we have
aq n

|ai| _n
1+‘6L1| n—1

(p—1).

6.3. Appendix : An existence and uniqueness result of an entropic-renormalized
solution for variable exponents.

Although it is not the purpose of our paper, we will show now how to prove the existence of
an entropic-renormalized solution. The principle is the same as we did in our previous papers,

but for convenience, here we give the main steps.

Theorem 6.2.
Let q be as in Corollary 6.1.1 of Theorem 6.1. Assume (H1), (H2), and (H4), that
q> Zﬁ(er — 1), and let f € L* (). Then there exists a unique solution u € Wol’q(')(Q) with

q(z) = . p(z) such that
VneWwht>(Q), VB e WHe(RR) with B(0) =0, B'(c) =0 for o] > 0o > 0,
Vo e WP(Q) N Le(Q)

/Qap(_)(vu) . V(nB(u — <p)>dx + /QnB(u — ) V(z;u)de = /QUB(U — ) fdz.

Proof: We only give the main steps for the existence. Consider f; = T;(f) € L>(2). Following
Proposition 6.1, we have a unique function u; € W, 2l (Q) N L>(Q) satistying relation (61).
Moreover the above Corollary 6.1.1 of Theorem 6.1 shows that u; remains in a bounded set

of W(Q), and we have

(74) sup/ |V, | " da < cwl(Hle)utI]al‘.
i Ja

Taking as a test function 7} (u;) = ¢ in relation (61), we deduce

(73 [ 19T )P < 1
Q

Since 1 < ¢(+) < py < 400, the space WI’Q(')(Q) is reflexive, and we may subtract a sequence
still denoted u;, and have an element u € W’ Q) such that
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e u,; conver kly to u in Wy (0
j ges weakly to u in Wy ™" ().
o u;(r) —— u(x) a.ein Q.
Jj—+oo

e T(u;) converges weakly to Tj(u) in WyP(Q) for all k > 0.

Taking as a test function ¢ = <|u]| — t) sign(u;), t > 0, and dropping non negative term,
+

we have

(76) /|| Viulde< [ |flds

|| >t
This relation with the pointwise convergence and assumptions (H1) and (H2), implies
(77) nm/ V(s u;) — V(s w)|de = 0.
7oJa

Next, we choose as a test function ¢ =T, (uj — Tk(u)> with € > 0, so we have

(78) / Gy (Vuy) - V(uj — Tk(u))da: <e [||f||1 +/ |V(m;uj|dx} .
fuy~ T ()] <= 0

Therefore, we have

(79) limsup/ ap(.)(vuj)-v<uj—:rk(u))dx<g [|]f|!1+/ |v<:c;u)|dx].
ST (w)|<e Q

J

We may invoke Lemma 6.1 to derive, for a sequence still denoted (u;), that Vu;(x) ——

Jj—+oo
Vu(z) a.e. in Q. The condition that ¢ > ]ﬁ(m — 1) implies, for all z,
q(x) = ip(:zc) > ip_ >p,—1>2p(x)—1>p_—1>0. Therefore
D+ P+
(80) lim / [ [V, (@)Y (2) — V() P>V )| = 0.
i Ja

N N . . q(x) qp-
Indeed, let us set g, (x) = ‘ Vu,; [PO2Vu,— | Vul[PO) QVU‘ x). Since ()= >
B J( ) ’ J‘ J ‘ | ( ) ( ) p(a:)—l p+<p+_1)
1, 7€ C(Q), we may apply [28, Theorem 2.1] to derive that for all measurable set E C €,

>

|E|—0
r(z
where r'(z) = %, and y g is the characteristic function of E. But the boundedness of
r(z) —

the sequence (u;); in I/VO1 ’q(')(Q) and Holder inequality imply, for all measurable set F, that

(82) sup / g (@)ldx < ellxsllo.
J E

Thus, we may apply Vitali’s convergence theorem to derive

lim /|gj(x)]dx =0
Q

Jj—+oo
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since g;(z) m 0 a.e., so that we have the uniform integrability given by (82).
The convergences given by relation (77) and relation (80) are enough to prove the existence
of a weak solution when f € L'(Q).

To obtain an entropic-renormalized solution, we need further estimates:

Lemma 6.2. (Gradient behavior)

One has for all m >0, all 7 > 0:

w | V(@) ds < [ 111 [T () = Toy)|da
{z:m<|uj|<m+1} Q

(2) \Vu(z)[P@de < lim sup/ Vo (2) [P @ dx
{z:m<|uj|<m+1} J {z:m<|uj|<m+1}

< / @) |Towia () = Tow)] e —— 0.

m—r+00

Proof: We can take as test function ty,; = Tp41(u;) — T3, (u;). Since

/Q@ij V(z;u;)de > 0,
and
/Qap(~)(vuj) - Vippdr = /m<|uj|<m+1 |V, ()P de,
we get statement (1). On the other hand, statement (2) follows from (1) using Fatou’s lemma
and pointwise convergences of the gradient for the lower bound and the pointwise convergence
of u; for the upper bound, combined with the Lebesgue dominated convergence. %
For convenience for the next results, for v € L*(€2), we shall denote v™ = T}, (v) and we define
hy, € WEh(IR) :
1 if o] <m,
him(0) =140 if o] >m+1,

m+1—|o| otherwise.

Lemma 6.3.
Letn e Wh(Q), r>n, be WH(IR) with B(0) =0, B'(0)=0 for|o| > a9 >0,
p € Wol’p(')(Q) NL>®(Q) and set ;= nB(Trns1(v) — @) hin(u;). Then

(1) @mj € Wo" (@ NL=(Q), Ym >0, Vj>0.

(2)

/ |vu§n+1|P($)—2vu;n+lv(nB(um-‘rl _ g0)>hm(uj) + / Omgj [V(x; uj) — fj} dx
Q Q

<l 1B [ VP

m<|u;|[<m+1
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Proof: Taking ¢,,; as a test function, in the relation (64) satisfied by the solution u,;, we have

/Q ‘Vu;n+1|p(x)—2vu§n+1v<nB<um+1 _ gO))hm(Uj) —+ /Q Prmj [V(I; uj) - fj} dz

= ‘/Q |Vt P2y (7713(UWrl — gp))th(uj) = A.
Since hy,(u;) € WO (Q), and
|V, if m < Juj] <m+1,
|V hi ()] <
0 elsewhere ,
the last quantity A can be estimated as:
A<l l1B] [ V",
m<|uj|<m+1
so we derive statement (2).
Let us note that nB(u™*! — ¢) is in WP (Q), a,(0) = 0. o

Lemma 6.4.

For fized m, Gy (Vul"™) converges weakly to Gy (Vu™"t) in [LP O (Q)]".

Proof: The pointwise convergence of the gradient implies
Gp(y (Vu"™) = @ (Vu™ 1) ae in Q.

J

Furthermore, we know that
||5p<->(W§-”“)|ILpf<r> < ¢y < F00.

By the reflexivity of [L”'()(Q)]", we derive the result. o

Corollary 6.2.1 (of Lemma 6.2, 6.3, 6.4).

The function u satisfies, for all m = 0

| / Ay (V™) - V(0B (4" = @) Y (u) + / honwnB (w1 = ) |V (a3 0) — fda

<Ulllal Bl [ 1) [Tsa () = Tu(w)]d,
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Proof: Since V <77B (umtt — go))hm(uj) converges strongly to V(nB (u™*! — ¢) ), (u) in [LPO(Q)]",
combining with the weak convergence of Lemma 6.4, we obtain
(83)

lim ap(.)(VumH)V(nB (umtt — gp))hm(uj)dx = /6p(Vum+1)-V(nB (Wt — ) o (uj)daz.

; J
J—+oo Q Q

Since V'(+;u;) (resp. f;) converges strongly to V(-u) (resp f) in L'(2), we have

(84) Im [ @m; [V(m; u;) — fj}dac = /

Jj—4oo Q

R (W)n B (um ™+t — o) [V(x; u) — f} dx.

Combining with Lemma 6.2, the two last relations and Lemma 6.3 give the result. &

We then have:

Lemma 6.5.
(1) lim EL\I,(.)(Vu””‘“)V(77B(umJrl — @))hm(u)da: = /Qap(.)(Vu) : V(n B(u — @))dx.

m—»—+00 Q

(2) lim R (w)n B (u™ ™ — o) [V(az; u) — f] dr = /QnB(u — ) [V(x; u) — f] d.

m——+00 Q

Proof: As we have already observed before,
(85) Gy (V) - V(B = 9) Y () = (V) - ¥ (0B (= ) ) o (w),

because of the definition of A, @,.)(0) = 0.

Moreover, when expanding the gradient, we have:
(V) - ¥ (0B = ) ) =y (V) - V0Bl — 9) + s (V) - VuB (1 — ).
Since B'(u — ¢) = 0 if |u — ¢| > 09, then, setting ko = || f|| + 00, We have:
() (Vu) - VuB'(u — )0 = Gpy (V') - VuF B (u — o).

Hence we deduce, from the preceding decomposition, the following estimate:

?ip(.)(Vu)V<nB (u— go)) ] < c[yvu(x)\mf)*l + |Vu’“°\p(l")] ~R(z).

Here ¢ > 0 is independent of u, ¢ .
One has R € L'(Q). Therefore, by the Lebesgue dominated theorem, we have:

(86) lim [ @y (Vu) - (VHB (u— @))hm(U) = /Q ap(->(VU)V<77B (u— @))-

m—+0o Jq
Both relations (85) and (86) infer the first statement (1) of Lemma 6.5 while the second one
comes from the Lebesgue dominated theorem. &

End of the proof of the main theorem
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Letting m — 400 in Corollary 6.2.1 of Lemmas 6.2 to 6.4 with the help of Lemma 6.5, we
get that u is an entropic-renormalized solution.

For the uniqueness, we may use the method of Benilan et al [7] since any entropic-renormalized
solution is also an entropic solution in their sense. Note that here, in our case, the solution
is always in VVO1 (). The second method consists in noticing that since f; (resp f2) are two

elements of L'(Q) and u; (resp uy), we have:

Lemma 6.6.

A[Ul
(87) /1+|U1—U2| /|f1 Folde

whenever Aluy; us] = [ 3 (Vup) —ay. (Vuz)] - Vu(u; —ug) = 0.

The proof of this lemma needs the following result, which can be carried out in an even more

general situation:

Lemma 6.7.

Let w be in WEN(Q) such that for all k > 0, Tp(w) = w* € Wy (Q) and let B € W (IR)

with B(0) = 0, B'(¢) = 0 for all o such |o| > 00 > 0, ¢ € WoPV(Q)NL=(Q). Then B(w— )
is in W PO(Q) N L=(Q).

Proof of Lemma 6.7
If we choose k = g + ||[¢]]se, then B(w* — ) is in Wy (Q) N L=(Q). Moreover, almost

everywhere in (2,
VB(w" - ¢) = B'(w = ¢)V(w - ¢) = VB(w — ).

Since VB(w — @) € W21 (Q), then the above equality holds in the sense of distribution and

loc

implies the result. %

Proof of Lemma 6.6

The main theorem shows that if f1; = T;(f1), then necessarily any weak solution (vy;);
associated to f1; = T;(f1) € L*(2) remains in a bounded set of Wol’q(')(Q), and there exists a
subsequence (Uw(j))j associated to fi; € L*(Q2) and a function v € Wol’q(')(Q) which satisfy
Vuis() = Vv and vis() — v a.e in  and vy .

Let us show that we have necessarily Vu; = Vo.

Indeed, for k > 0, B = tan"'(T},) is in W"*(IR), B'(0) = 0 if |o| > k. Then, according

to Lemma 6.7, ¢ = v1,(j) and B(u — ) are suitable test functions for both equations (weak
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formulation and entropic-renormalized formulation), hence we then have after letting k —

—+00:

/Q[ap(')(vul)_ap(-)(vla(j))] Vi - Sl |2 < /|f1 J)fl

L+ |ur — vie

Letting 7 — 400

/ _Almin) gy

ol+|u —v?
from which A(u;;v) =0 a.e., so that Vu; = Vo.
This result shows that the whole sequence (v;) must satisfy 'lim / |Vu; — Vo,|dx = 0.
This remark shows us if f; and f, are in L*(€2), then we have a subsequence Ty (f1), Toi)(f2)

whose weak solutions (vlg(j)> 5 (v2o(s)); satisfy
J

lim Vi) (x) = Vu(z) a.ein Q.

J—+oo

As before, we easily have

AlVi(j); V2o
/ [1()2()]2dx<z
o 1+ [vi6(j) = v2o(s) 2

ToG).1 — Tsy f2|-

Letting 5 — +o00, we get

A[Ul,UQ
/1+!m—u|2\ /|f1 folde,

from which we get the uniqueness. &
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