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Nonexistence of solutions to systems of
higher-order semilinear inequalities
in cone-like domains *

Abdallah El Hamidi & Gennady G. Laptev

Abstract
In this paper, we obtain nonexistence results for global solutions to
the system of higher-order semilinear partial differential inequalities
8kui
otk

— Aai(z, t)ui(z, t)) > 7 2|7 wigr (2, 8) )P, 1 <4 <n,

Un+1 = U1,

in cones and cone-like domains in RY, ¢ > 0. Our results apply to nonneg-
ative solutions and to solutions which change sign. Moreover, we provide
a general formula of the critical exponent corresponding to this system.
Our proofs are based on the test function method, developed by Mitidieri
and Pohozaev.

1 Introduction

This paper is devoted to the study of nonexistence results for global solutions
to systems of semilinear higher-order evolution differential inequalities in un-
bounded cone-like domains. Nonexistence results concerning nonnegative solu-
tions of parabolic equations in cones were obtained by Bandle & Levine [1] and
Levine & Meier [18]. Recently, new nonexistence results dealing with solutions
with arbitrary sign were established by Laptev [11, 13, 14] and by El Hamidi
& Laptev [6] when the domains are cones or product of cones. On the other
hand, for cone-like domains, only nonexistence results of nonnegative solutions
to semilinear evolution differential inequalities, were obtained in [1, 6, 11, 13, 14].
Recently, Laptev [15] obtained a nonexistence result for the semilinear parabolic
inequality
we =A™ ) > [/ u]?

with 1 < m < ¢ and ¢ > —2, in cone-like domains. Which is the first result,
to our knowledge, dealing with solutions of evolution problems which are not
necessarily nonnegative in cone-like domains.
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2 Nonexistence of solutions to systems EJDE-2002/97

In this paper, we obtain nonexistence results for systems of semilinear higher-
order evolution differential inequalities in unbounded cones and cone-like do-
mains. More precisely, for n > 2, we study the problem

8k U;
otk

= Alagui) = 74 2|7 uga [P, 1 <i<n, (1.1)

Unp+1 = U,

where x belongs to a cone (or a cone-like domain), t €]0, +oo[, k > 1, ppt1 = D1,

Yn+1l =71 and Opn4+1 = 01-
For n = 1, we study the problem

oFu

otk
where z belongs to a cone (or a cone-like domain) and t €)0, 400[. Such systems
were studied, in the whole space, by Renclawowicz [28], Guedda & Kirane [7],
Ighida & Kirane [8] and Kirane, Nabana & Pohozaev [10].

Our results concern all weak solutions, specially nonnegative weak solutions.
We obtain general formulas of the critical exponents corresponding to the sys-
tems considered. These formulas are also valid in the scalar case of one inequality
(n=1).

Our approach is based on the test function method developed by Mitidieri &
Pohozaev [19], Pohozaev & Tesei [25], Pohozaev & Véron [27] and Laptev [11,
13, 14].

Let Q ¢ S¥~1 be a connected submanifold of the unit sphere S¥—1 in RY
with smooth boundary 9Q c S¥~! and having positive N — 2 dimensional
measure. By a cone in RY with cross section  with vertex at the origin, we
mean a set

— Alau) > '[2|” [ul?, (1.2)

K ={(r,w) eRY; 0 <r < +ooand w € O},
where 7 = |z|, z € RY. The boundary of K is
0K = {(r,w); r=0 or we N}
For € > 0 fixed, the cone-like domain K. is defined as
K.={z €K, |z| >¢}
and its boundary as
0K, = {(r,w); r=¢ or w € 9Q}.

The outward normal vector to the boundary 9 (resp. 9K) will be denoted
by v, (resp. v). The restriction of the laplacian operator A to the unit sphere
SN=1 will be denoted by A, which is the Laplace-Beltrami operator. It is well-
known that the laplacian operator in RY can be written, in polar coordinates
(r,w), as

1 2 N-10 1

— — = — 4+ ——— + A,
ar) r2= Y o2 r 8'r+r2 @

10, 5,0
= 7,N71E(
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for the rest of this paper, A denotes the first Dirichlet eigenvalue, and ® the
corresponding eigenfunction, for the Laplace-Beltrami operator; namely,

A, P =)D in Q,
® =0 on 0N.

Recall that A > 0 and ®(w) > 0, for any w € Q. We shall assume ® is normalized
so that
0<P(w) <1, Ywel

The space of the C? functions with respect to the first variable and C7, j €
N*, with respect to the second variable, on K x]0,+oo[, will be denoted by
C%J (K x]0, +00]).

This article is organized as follows. In Section 2, we introduce notation
and establish estimates which we shall use in the sequel. Section 3 is devoted
to nonexistence results to the inequality (1.2), where the parameter v = 0. In
Section 4, we generalize the results of the Section 3 for n > 2 and the parameters
vi = 0,4 € {1,2,...,n}. Section 5 concerns the general system (1.1), with
v <0,i€{1,2,...,n}.

2 Preliminary results

Throughout this paper, the letter C' denotes a constant which may vary from
line to line but is independent of the terms which will take part in any limit
process. For a real number p > 1, we define p’ such that 1/p+1/p’ = 1.

We define now the weak solutions of the problems that we will consider in
the sequel. Let us consider the higher order inequality

0Fu
otk

where p > 1, 0 > —2, with the initial data
u(z,0) = up(z), in K.,

— Aau) > |z|° |ul’, =z € K., t€]0,+o0], (2.1)

al

ot
Definition 2.1 Let a be in L™ (K.x]0,+00[). A weak solution u of the in-
equality (2.1) on K x]0, +oo[ is continuous function on K. x [0, +-o0o[ such that

the traces a—“(z 0), j € {1,..,k — 1}, are well defined and locally integrable on

oti
K, and

o
/ / aulp —u(=1)"Z2 + o upp) do dt

- oF—1-iy %
— —_— —_— <
/ /aK auay dx dt + Z . T (z,0) 50 (z,0)dz <0,

—(2,0) = u(x), i€{1,2,...,k—1}, in K,.
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holds for any nonnegative test function ¢ € C?*(K.x]0,+oc[) with compact
support, such that ¢|sx_ x]o,+ec[ = 0

Similarly, we define the weak solutions of the system

8kui
otk

— Aau;) > |z Piri - x e K., t€]0,+o00], 1 <i<n,

Tt g4

(2.3)
Un+1 = U1,

where p; > 1, 0, > =2, for 1 < i < n, pyy1 = p1, Ont1 = 01, and the initial
data (ugo),ugl), otk 1)) [L%OC(KE)]]C, 1<i<n.

’ 1

Definition 2.2 Let a; € L™ (K.x]0,+c[), i € {1,2,...,n}. A weak so-
lution (ug,...,uy,) of the system (2.3) on K.x]0,+oo[ is a vector of contin-

uous functions (ug,...,u,) on K. x [0,+00o[ such that the traces 68;;1 (z,0),
(4,5) € {1,..,n} x {1,..,k — 1}, are well defined and locally integrable on K.
and the n estimates

L 0%
/ / a; uiAp — (_ ) 815’“ + |Z‘

S ORIy o
itig d dt —(z, dx <
/ /aKEa U x +Z /K6 T (z,0)— 50 (z,0)dz <0,
(2.4)

Pt ) dz dt

7 w1

for any i € {1,2,...,n— 1}, and

L%
/ / U U A — uy (—1)F s —i—|ac|‘71|ul|p1 )dxdt

o¢ [0, By
/0 /aKs n U dx dt + Jz::()( ) = (z,0) v (z,0)dz <0,

=

hold, for any nonnegative test function ¢ € C?*(K.x]0,+oo[) with compact
support, such that ¢|sk. x]o,+c[ = 0

We shall construct the test functions which will be used in our proofs. Let
¢ be the standard cut-off function

1 if0<y<l,
Sy) = {0 ify > 2.

Let po > k + 1 and n(y) = [((y)]™.
Explicit computation shows that there is a positive constant C'(n) > 0 such
that, for y > 0 and 1 < p < py,

I ® ()P < C)n(y). (2.6)
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We introduce the term of the test function which depends on the variable ¢. Let
the parameter p > ¢, the exponent 6 > 0 and the function ¢ — n(t/p?). Remark
that

supp [n(t/p’)| = {t e R*, 0 <t <2y}

and N
d
supp \#(t/p%] ={teR", p’<t<2%),
where “supp” denotes the support. It follows that

d*n t/09)|P
/ Mcﬁ < o p ). (2.7)
supp | 252/ P (/%)

+k

Now, we construct the part of the test function in the space variable z = (r,w).
Let s # 0 a real number, then

A(r*@(w)) = r"2®(w) (s> + (N —2)s — A).
Denote by s; and s_ the two roots of the equation
2+ (N —-2)s—A=0.
These roots are given by

N —2 N —2\2 N —2 N —2\2
se==ty by (Fy) A and =S (55)

Consider the function ¢ defined on K. by

(@) =¢rw) = ((5) = (5)) o).

9 9

It is interesting to note that the function ¢ is harmonic in K. and vanishes on
the boundary 0K.. Moreover,

8
— <
ovlok. — 0

)

where v is the outer normal to the full surface OK.. Indeed, thanks to the Hopf

lemma,
¢ T\ sy rys_\ 0P(w)
L - — (- <0.
ov, ((s) (5) ) v, =0
Moreover, since sy > 0 and s_ < 0, then
a¢ S_ — St
—= = —d(w) <0.
or lr=e 3 (W) -

Let us consider now the function of r, for r > ¢,

s = (5" = (5 )n).

€ € p
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Now, we give estimates of 9¢/dr and 0%¢/0r2. First, we have

R R (4 e PTCA PR Y (S R G R P ()

€ ‘€ € € p’ p\e € p

Whence, there is a positive constant C, independent of p and r, such that

or
St Tysp—1 S— Tys_—1 1 r,rs rys_1P r|P
<o [FO -2 O S O - O T O}
Consequently,
N < o (D) s D). (2.8)
3 p pp
Moreover,
026 rsy(sy—1) risy—2 s_(s_-—1),r\s_—2\ 7
g =TT O )
2 /84 r\si—1  S_ ,Ty\s_—1\ ,,T 1 T\sy rvs_\ /T
+;<?(g) -—() )n(;)er((g) - () )77 (;)~
Similarly, there is C' > 0, independent on p and r, such that
92 2
£ (s4—2), p—1(T rbr®
‘a " < ey (p>(1+ﬁ+p7p)' (2.9)
We introduce now the final test function of the space variable
|| T\s Ty r
Yol = (=) = ()7 = (D7) () e(e).
Then ,
Oy ) N-100, 1
M) = S () + S () g A (e),
where . .
o= ()7 = (D)) n(E)(=r2) = —xw,
Whence
2 N-19 A P
P — HP Z =z~
Ay @) = 0" (@)|{ 55 + -~ 5 }EO)|
LTy (14 7 T
< COP(w)nP~ (p)rp += <1+pp+p2p), (2.10)
—1 s.—2 (r/e)*+ p—1 PP
= 01/)5; (@)r® p((r/5)5+ — (r/g)sf) (1 + p_P + pTP>’
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where C' is a positive constant, independent of p and 7. Let us denote N' =
supp (Av,). Since n(r/p) = 1 for r < p and n(r/p) = 0 for r > 2p, then
N c{x e K.; p<r<2p}. Moreover, since p > ¢, then the expressions
P 2P (r/e)s+
1+ —+ — and
B OB R

are bounded on {z € K; p <r < 2p}. We conclude that there is a positive
constant C such that

S

A, (@) < C 2 (x) ;2; Vi e N

Finally, for p sufficiently large, we have the estimate

[ Jawar
N wf’*( Jlal 70D

2p s++N 1
= / /Q L dodr (2.11)
Pt tN=e(=1)=20 jf g 4t N—g(p—1)>0,
< C{p~2Pn(p) ifsy + N—-o(p—1)=0,
2 if sy +N—o(p—1)<O0.

Consider the final test function of the variables x and ¢:
t
(1) :n<?)wp(z). (2.12)

On one hand, the same arguments used in (2.11) give the estimate

/+°° [ e,
v o o)l

20° 20 sy tN-1
L 2.1
= /0 /[, /Q o dodr (2.13)

ps++N—a(p—1)+9—2P fsy +N—-o(p—1)>0,
C < p?=22In(p) ifs; +N—-o(p—1)=0,
02 ifsy + N —o(p—1)<0.

IN

On the other hand, if we denote C(g, p) := {z € K.; ¢ < |z| < 2p}, then

akw p
Totk
// - T dx dt
SUPP “D’J |z|(P=1)e

Lt/

E

RIS s G
C(e,p) |.’L‘| P 7 supp ‘%(t/pe)‘ nP (t/p )
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Furthermore,

QZJP(I') 7/ /2p Tyse  Tys— T rN-1
/C(E)p) 07 de = Q@(W) de i ((E) (E) )ﬁ(p)ir(p_l)a dr
1€ /2p A N—1—(p—1)
<— rot P=Ho dr
Sov )

pHtN=e=1) if 5. N —o(p—1) >0,

<C ¢ In(p) ifsy + N—o(p—1)=0,

1 ifs;+N—-0o(p—1)<0.
(2.15)

Combining the estimates (2.7), (2.14) and (2.15), we obtain
ak p
i
dz dt
//sum) 7' wh 1|5U|(p e

ps++N o(p—1)—6(kp-1) if s+ N — O’(p _ 1) >0,

< C ] p= =N 1n(p) if s, + N —o(p—1)=0, (2.16)

p~0tkp=1) ifsy +N—o(p—1) <O.

In the following section, we consider the case n = 1.

3 Higher-Order Evolution Semilinear Inequali-
ties

In this section, we establish nonexistence results for global solutions to the
semilinear problem (2.1). The weak solutions of (2.1) are defined in Definition
2.1.

Theorem 3.1 Assume that for all (x,t) € K. x [0,+00], a(z,t) > 0 and
u(z,t) > 0. Also assume that

1y

Ve € K; T

(z,0) > 0.

Let +2 1
g
s N 21— ),

where p > 1 and o0 > —2. Then there is no weak nontrivial solution u of the
inequality (2.1).
Proof. Assume that (2.1) admits a nontrivial global weak solution u with

o+2 1
. 25++N—2(1—E).
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In definition 2.1, let us choose the test function ¢(z,t) = ¢,(x,t) defined in

(2.12). Thanks to the Hopf lemma, we have

/ / 9% 4rat < 0.
0K, 81/

Moreover, the test function ¢, satisfies the equalities

J
aazf’(z,()):o, for je{1,2,....k—1}.

Finally, we have

ak 1

/ ST (ac 0)¢,(z,0)dz > 0.
K.

Then, inequality (2.2) implies that
k

/ / |]” \ulpgopdxdt</ / <—aA+ )%

Let us introduce the notation

») :/ / 2|7 ulPo, da dt,
A
|33| ‘pp

a@p

/ / — 9 dzdt.
- (|z]7¢p)

Applying Holder’s inequality to (3.1), we obtain

1(p) < max (Jlalloc: 1) 1(p)* (A(p)7 +B(p)"" ),

or equivalently
1(p)' % < max(llal|oc, 1) (A(p)> +B(p)?" ).

At this stage, we choose the real parameter § = 2/k and obtain

Alp) <CO(p) and  B(p) <CO(p),

where

ps++N70(p'71)72(p'71/k) if sy +N-— 0(p/ _ 1) >
O(p) = p~2W' =M n(p) if sy +N-o(p-1)=
p 2P =1/k) if s1+N—-0o(p —-1)<

) ppdzdt. (3.1



10 Nonexistence of solutions to systems EJDE-2002/97

If s; + N —o(p’ —1) > 0, then explicit computation gives , for p sufficiently
large,
Il—% < Cpa,

_p-1 o ty_of2
0=l (s++N 2(1- 1) p_1>.

Now, we require that o < 0, which is equivalent to

where

o+2
p—1

Zs++N—2(l—%).

In this case, I(p) is bounded uniformly with respect to the variable p. Moreover,
the function I(p) is increasing in p. Consequently, the monotone convergence
theorem implies that the function

r

(z,t) = (r,w,t) — |u(z, t)["|z|” ((E)S+ .

7)o
is in L'(K.x]0,4+oo[). Furthermore, note that

supp(Ap,) C {te R, 0<t< 202"y x {x e K., p<|z| <2p}
and

ak
supp () C {teRY, pF <t <2y xfoe Koy e < o] <2p).

Whence, instead of (3.2) we have more precisely

1(p) < max (|lall. 1) [(p)7 (A(p) 7" + B(p)7" ), (3.3)

~ k
where I(p) = [, |z|7|u[Py,dzdt and C, = supp(Ag,) U supp (aatﬁp). Finally,
P
using the dominated convergence theorem, we obtain

lim I(p) =0.

This implies u = 0, which contradicts the fact that u is assumed to be nontrivial
weak solution.
Now, if s + N —o(p’ — 1) <0, then

lim p 2 =YMn(p) =0 and lim p 2@~k =,
p—+o00 p—+o0

Therefore the integral I(p) is bounded uniformly with respect to the variable p.
The same arguments used previously complete the proof. O

The previous result is also valid for cones instead of cone-like domains. In-
deed, let us consider the higher order inequality

Ok

S Alau) > |z|7 |ulP, =z € K, t €]0,+00], (3.4)
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where p > 1, 0 > —2, with the initial data
u(z,0) = up(x), in K,
ai
6—5@,0) —w(x), i€{l,2,....,k—1}, in K.

Then we have the following statement.

Theorem 3.2 Assume that for all (z,t) € 0K x [0,4+00], a(z,t) > 0 and
u(xz,t) > 0. Also assume that

okl
VI'GK; W(.’E,O) > 0.
ket 42 1
g
> N-2(1--
p_1—5++ ( k)7

where p > 1 and 0 > —2. Then there is no weak nontrivial solution u of the
system (3.4).

Proof. Note that the cone K coincides with K. for ¢ = 0. In this case, the
test function ¢, given by (2.12) is not well defined. We choose the new test
function ;
N - s r
Bolt) = Golrt) =1+ @) () n ().
The function
K — [0, +o0]
(rw) — 7 ew),

is also harmonic. Following the different steps of the last proof with ¢, (resp.
K) instead of ¢, (resp. K.), we obtain the result. O

4 Higher Order Systems of Evolution Semilin-
ear Inequalities

We establish here nonexistence results of global solutions to the system (S;).

The weak solutions of (Sy) are defined in Definition 2.2. In this section, the
initial conditions agtiji (z,0) will be denoted by 1&1(7)(;10,0)7 for (i,7) € {1,..,n} x
{0, ..,k — 1}, and the vector (X1, Xs,...,X,,) will denote the solution of the

linear system

-1 0o ... 0
h . Xl g1 —|—2
0 -1 D2 . Xg 0'2—|—2
SRR R N (41)
0 .. .. anl On—1 + 2
. © DPn-1 X 2
e 0 .. 0 -1 n on +

We have the following non existence result.
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Theorem 4.1 Assume that for all (z,t) € 0K, x [0, +o0] and i € {1,2,...,n},
w;(x,t) >0 and a;(x,t) > 0. Also assume that

k—lu

Ve e K., Yie{l,2,...,n}; y=y

“(z,0) > 0.
Let 1
max{Xy,Xs,..., X, } > sy + N — 2(1 — E),

where p; > 1 and o; > =2, for 1 < i < n. Then the problem (2.3) has no
nontrivial global weak solution.

Proof. By contradiction, assume that (2.3) admits a nontrivial global weak
solution (u1,us,...,u,) with max{X;, Xo,..., X} > sy + N—-2(1—-1/k). In
definition 2.2, let us choose the test function ¢(x,t) = ¢,(x,t) defined in (2.12).
Thanks to the Hopf lemma, we have

S 8(Pp '
a;u;—>2dedt <0, for i€{l,2,...,n}.
0 oK. v

Moreover, the test function ¢, satisfies

o
otJ

L(x,0)=0, for je{1,2,....k—1}.

Finally, we have

o1y
/K oth-1 (:c 0)¢p(z,0)dr >0, i€{l,2,...,n}.

Then, inequalities (2.4) and (2.5) imply

. L0
/ / 2|7 |ua P 0, </ / un( A+ (—1)F (%k)%,
/0 / “T s Zh / / Uj— 1<a1 1A+( ) gtk>§0p, 2<1<n.

(4.2)
For i € {1,2,...,n}, we use the notation

)= / / 2] ual P 0 v,
Ao P

/ / Aol 1dzdt
0 (|z|7ip,) ™

d <pp
/ / — 9 dxdt.
Iw\‘“ P

(o4
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Using the Holder’s inequality for system (4.2), we obtain
1

11(p) < max(([an]loos 1)n(p) 75 (An(p) 7 + Ba(p) ),

Ii(p) <max (||ai-1lloc, 1) Lica(p) "t (Aim1(p) "t + Bi—i(p)™i-1), 2<i<n.
(4.3)
Whence, there is a positive constant C, independent on p and r such that

_ 1

n 1
1 P 1/p} 1/p5\ #ij .
Iz‘ P1P2--P SC'I('A]’J—"_BJ‘ J) , 1<i<n,
i=1

where »
{ ;c:j+1 Pk for ¢ > j,

Hij = 1 ’ .

H;c:l Pk HZ:j—',-l Pk for 7 S 7.

At this stage, we choose the real parameter § = 2/k to obtain

Ai(p) <CO;(p) and Bi(p) < CO;(p), forie{l,2,...,n},

where
pStTN=oipi=1)=2i=1/k) if 5. 4 N — oy(p}, — 1) > 0,
0i(p) = { p~2#i=1/ In(p) if 51+ N —oy(p; —1) =0,
p2wi=1/k) if s, + N —oy(p, — 1) <0.
To estimate the expressions I;(p), i € {1,2,...,n}, we consider two cases.

Case 1: s + N —o;(p,—1) > 0, for any i € {1,2,...,n}. Explicit computation
gives , for p sufficiently large,

1-—2=r
Ii P1P2---Pn S Cpai, 1 S Z S n’

where
1 1 @7 2—'—0‘ T
TR S VU g SUCR2 L)
pipz---Pn k Pip2---Pn — 1
and .
nei Pk [ Thmy pie for i > 4,
Ty = j—1 o
Tij = [[5—; Pk for i < j.
Now, we require that, at least, one of «;, i € {1,2,...,n}, be less than zero,

which is equivalent to

1
max{Xy, Xo,..., X, } > s + N — 2(1 — E)7
where the vector (X1, X, ..., X,,)7T is the solution of (4.1). In this case, there is
ip € {1,2,...,n} such that I, (p) is bounded uniformly with respect to the vari-
able p. Using the systems (4.2) and (4.3), we obtain that both I;(p), 1 <i <mn,



14 Nonexistence of solutions to systems EJDE-2002/97

are bounded uniformly with respect to the variable p. Moreover, the functions
Ii(p), i € {1,2,...,n}, are increasing in p. Consequently, the monotone conver-
gence theorem implies that the functions

r

(D7 -07) 2w

is in L'(K.x]0,4+o0[). Precise that these functions correspond to

(x,t) = (r,w, t) — |u;(z,t)[P?

T

Br-iI-loo Iui('r7 t)|p7 |.’L‘ 7 QOP(.Z‘, t)

p

Furthermore, note that
supp(Ag,) C {t e RY, 0 <t <2p°/%} x {x € K., p < |a| < 2p}
and

8k<pp
otk

supp (—22) C {t e RT, p¥F <t <2p”*} x {z € K., e < |a| < 2p)}.

Whence, instead of (4.3) we have more precisely

11(p) < max ([lanlloos 1) Tn ()7 (An(p)7F + Balp) 7% ).

1 o o .
Ii(p) <max ([|ai-1]lcc, 1) Li—1(p) "~ (Ai—l(P) Piet + Bio1(p) p"’1>7 2<i<n

i) = | o

k
and C, = supp(Ayp,) U supp (aatﬁ” ) Finally, using the dominated convergence

theorem, we obtain

where

o;

u;|Pip, dx dt,

lim IL(p)=0, ie€{l,2,...,n}.
p—-+o0
This implies that (u1,us,...,u,) = (0,0,...,0), which contradicts the fact that
(u1,ug,...,u,) is assumed to be nontrivial weak solution. We complete the
proof by treating the case
Case 2: There is ig € {1,2,...,n}, such that sy + N — oy, (pj, — 1) < 0. The
same arguments used in Case 1 give, for p sufficiently large,

1——bl -
IZ_ P1P2---Pn S C(poci7 1 S Z S n’

where &; < ay, for i € {1,2,...,n}. Then, if there is i1 € {1,2,...,n} such
that a;, < 0 then &;, < 0. This implies that I;, (p) is bounded uniformly with
respect to the variable p, which leads to the same conclusion as the Case 1. This
completes the proof. O
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When problem (2.3) is posed on the cone K instead of the cone-like domain
K., our result is also valid and the proof changes very slightly. Indeed, consider
8kui
otk

— Aau;) > |z

gi+1|ui+1 pi+la T € Kﬂ 3 G]O,+OO[, 1< < n,

(4.5)

Un+1 = U1,

where p; > 1, 0y > =2, for 1 <i < n, ppy1 = p1, Ont1 = o1, and the initial
data (u”,ul WYY e [LL (K)F, 1< <n.

The weak solutions of (4.5) are defined similarly as in Definition 2.1 with K
instead of K.. Then we have the following result.

Theorem 4.2 Assume that for all (z,t) € 0K x [0,+o00[ and i € {1,2,...,n},
wi(x,t) > 0 and a;(x,t) > 0. Also assume that
k=1,

Vee K,, Vie{l,2,...,n}; =y

“(x,0) > 0.

Let max{X1,Xs,..., X} > s+ N — 2(1 — %), where p; > 1 and o; > =2, for
1 <i<n. Then problem (:9:) has no nontrivial global weak solution.

For the Proof of this theorem, it suffices to use the same arguments of the
last proof with ¢, (resp K') instead of ¢, (resp K.) to obtain the result. O

5 General case

We consider the problem

Pui — A(agu;) > 0 |2]70 |ug g [Per, @€ Ko, ¢ €]0,4o00f, 1<i<n,
Unp+1 = U,

(5.1)
where p; > 1, 0, > =2, for 1 < i < n, ppy1 = p1, Ynt1 = N, Ony1 = 01, and
the initial data (u; ) 51), ..,u§k71)) [LL (K)]F, 1 <i < n. We will assume
that ~; S()forie {1,2,...,n}.

We start by giving the new estimates corresponding to (2.13) and (2.16),
(for given p > 1 and v < 0)

[ eor
0

W (]2 7p,)

C 2p s++N 1
- (p—1)
A dt/ /Qﬂpl dé dr

pstHN=o(p=D+0-2p=70(=1) if 5. L N —g(p—1) > 0,
C { pf=2r=70=1 n(p) ifs; +N—o(p—1)=0,
pf—2p—6(p—1) ifsy +N—-o(p—1)<0.

IN
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pS+HN=(@ ) (p=1)+0=20 jf 5 4t N —g(p—1) >0,

< O { pf=2p0=1)n(p) ifsy +N—-o(p—1)=0, (5.2)
pf—2p=0(p=1) ifs;+N—-o(p—1)<0.
and
akLp p

// S R R
supp 7' t7|x\ Pp )

pe+TN=o(p=1)=0(kp=1)=70(p=1) if 5 4+ N —o(p—1) > 0,

< O p0kp=1)=70(=1) I (p) ifs; +N—-o(p—1)=0,
p~0tkp=1)=70(p—1) if sy + N—o(p—1)<0.
po+TN=(e ) (p=1)=0(kp=1) if 5 4+ N —o(p—1) >0,

< O p0kr=1)=70(=1) I (p) ifs; +N—-o(p—1)=0, (5.3)
p~0tkp=1)=70(p—1) if s, + N—o(p—1)<0.

Let the vector (Y7,Ys,...,Y},) be the solution of the linear system

-1 0o ... 0
b o Y; o1+ 2+ 27 /k
0 -1 P2 . . Y2 0'2—|—2—|—2’YQ/]€
0 .. .. D Y1 On-1+2+ 2’)/7171/]C
© 0 Pt Y, w24 29,k
o 0 .. 0 -1 Tnt 2+ 27/

The we have the following non existence result.
Theorem 5.1 Assume that for all (z,t) € 0K, x [0, +o0] and i € {1,2,...,n},
u;(z,t) > 0 and a;(x,t) > 0. Also assume that

klu

Ve e K., Vie{l,2,...,n}; D1

“(x,0) > 0.

Let )
max{Y1,Ys,.... Y, } > s + N — 2(1 — E)’

where p; > 1 and o; + 2v;/k > =2, for 1 <i < n. Then the problem 1.1 has no
nontrivial global weak solution.

Proof. We follow the previous proof and replace the expressions I;(p), A;(p)

0 €

u;|Pip, de dt,
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A
t% Ut pL—l
/ / —— O dxdt,
t71‘x|0'z p

respectively. By setting the parameter 6 = 2/k, we conclude that

Ai(p) <COi(p) and Bi(p) < CBOi(p),

pSt TN =it 23 /R)pi=1) =2 =1/k) if 5 4+ N — oy(p} — 1) > 0,
0i(p) = { p~ 2= 1/M=2 =1/ In(p) if 1+ N —oy(p; —1) =0,
p~2(Pi—1/k)=2vi(pi~1)/k ifsy+N—-o(p,—1)<0,

for any ¢ € {1,2,...,N}. As in the previous proof, note that the leading
exponent in the previous estimate is

s¢+ N —(0i+2v/k)(p; — 1) = 2(p; — 1/k).

In other words, the only difference with the last proof is that the parameter o;
must be replaced by o; + 27;/k. Which achieves the proof. O

Remark. If we consider the semilinear problem (1.2) instead of (2.1) with
~ < 0, then o has to be replaced by o 4+ 27/k in Theorem 3.1 and Theorem 3.2.
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